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QUADRATIC FUNCTORS ON POINTED CATEGORIES 



MANFRED HARTL & CHRISTINE VESPA 

Abstract. We study polynomial functors of degree 2, called quadratic, with values in 
the category of abelian groups Ab, and whose source category is an arbitrary category 
C with null object such that all objects are colimits of copies of a generating object 
E which is small and regular projective; this includes all pointed algebraic varieties. 
More specifically, we are interested in such quadratic functors F from C to Ab which 
preserve filtered colimits and suitable coequalizers; one may take reflexive ones if C is 
Mal'cev and Barr exact. 

A functorial equivalence is established between such functors F : C ^ Ab and 
certain minimal algebraic data which we call quadratic C-modules: these involve the 
values on E of the cross-effects of F and certain structure maps generalizing the second 
Hopf invariant and the Whitehead product. 

Applying this general result to the case where E is a cogroup these data take a 
particularly simple form. This application extends results of Baues and Pirashvili 
obtained for C being the category of groups or of modules over some ring; here qua- 
dratic C-modules are equivalent with abelian square groups or quadratic i?-niodules, 
respectively. 

Mathematics Subject Classification: 18D; 18A25; 55U 
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In their fundamental work on homology of spaces thereafter linked to their names [8] 
Eilenberg and MacLane introduced cross-effects and polynomial functors (see section 1 
for definitions). Since then, these functors proved to play a crucial role in unstable ho- 
motopy theory; and during the last decade, homological algebra of polynomial functors 
turned out to be a powerful tool at the crossroad of various fields, such as algebraic 
K-theory, generic representation theory or cohomology of general linear groups. 

In this paper we determine polynomial functors of degree 2, called quadratic, F : T ^ 
Ab where Ab is the category of abelian groups and T is a pointed algebraic theory, i.e. 
a category T with null object such that all objects are finite coproducts of a generating 
object E. We then extend our results to determine "good" quadratic functors on an 
arbitrary pointed category C with sums and with a small regular projective generating 
object E, see section 6.5 for definitions; here for brevity we say that a functor is good if 
it preserves filtered colimits and suitable coequalizers. We point out that one may take 
C to be any algebraic variety, with E being the free object of rank 1. 

To give a topological example, the homotopy category of finite one-point unions 
Vr=i of copies of a given space X is a pointed algebraic theory, and metastable 
homotopy groups on such a category are examples of quadratic functors if X is a sus- 
pension. This was one of the motivations for Baues and Pirashvili [1] to study 
quadratic functors on several particular types of algebraic theories. 

In the cited papers, and also in work of the same authors with Dreckmann and Fran- 
jou on polynomial functors of higher degree [2], a functorial equivalence is established 
between polynomial functors on T and certain minimal algebraic data: these consist of 
the values of the cross-effects of the corresponding functor on the generating object E, 
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and of certain maps relating them. For example, quadratic functors from the category 
of free groups of finite rank to the category of groups correspond to diagrams 

called square groups, where Mg is a group, M^e an abehan group, H a quadratic map and 
P a homomorphism (satisfying certain relations), see [1]. Those functors taking values 
in Ab hereby correspond to square groups for which H is linear, i.e. a homomorphism. 
Similarly, given a ring R, quadratic functors from the category of finitely generated free 
i?-modules to Ab correspond to diagrams of the same type called quadratic R-modules, 
but where Me is an abelian group endowed with a quadratic action of R, Mee is an 
i?® i?-module, and H and P are homomorphisms compatible with the actions of R, see 
p. As a last example, quadratic functors from the category of finite pointed sets to Ab 
correspond to diagrams 

(Mee ^ Mee ^ Me) 

containing no operator H but an involution T of M^e instead, see [2Uj. 

In this paper (Theorem 17.11) we show that quadratic functors from an arbitrary 
pointed theory T to Ab (and good quadratic functors on a category C as above) are 
functorially equivalent with diagrams 

M = {Tuicr2U)iE,E)^AMe ^ M^e ^ M^e ^ Me) 

which we call quadratic T -modules (resp. C-modules), where Tii(cr2?7) is the bilineariza- 
tion of the second cross-effect cr2 of the reduced standard projective functor U -.T ^ Ab 
associated with E, A is the reduced monoid ring of T{E, E), Me and Mee are modules 
over A and A ® A, resp., the map T is an involution of Mee, and H and P are ho- 
momorphisms compatible with these structures, see Definition 15.31 for details. Just as 
the maps H and P above, the maps H and P can be viewed as algebraic generaliza- 
tions of the second Hopf invariant and the Whitehead product, cf. [1]. In the quadratic 
C-module associated with a quadratic functor F : T ^ Ab we have Me = F{E) and 
Mee = {cr2F){E,E). 

Quadratic T-modules can be described as modules over a certain ringoid TZ with 
two objects; this follows from an alternative approach to our original one which was 
suggested to us by T. Pirashvili: we determine a pair of projective generators of the 
abehan category Quad(T, Ab) of quadratic functors from T to Ab, compute the maps 
between them by using a Yoneda lemma for polynomial functors, thus providing the 
ringoid 71, and deduce an equivalence of Quad(T, Ab) with the category of 7^-modules 
from the Gabriel-Popescu theorem. 

We then extend the correspondance between quadratic functors and quadratic T- 
modules to categories C with sums and a small regular projective generator, in particular 
to the algebraic variety C = Model{T) of models (or algebras) of the theory T; here 
T identifies with the full sub-category of free objects of finite rank in C. For example, 
the category of groups and the category of algebras over a reduced operad are algebraic 
varieties. 

Such an extension of quadratic functor theory from an algebraic theory to its category 
of models was established in [4j, in the case where Model{T) is the category Gr of 
groups. This is achieved by introducing a quadratic tensor product G ® M & Gr for a 
group G and a square group M. We generalize this device to arbitrary categories C as 
above, by constructing a quadratic tensor product — ® M: C Ab ioi any quadratic 
C-module M, and by studying its properties: we compute its effect on E (in fact, 
E ® M = Me) and its cross-effect (Theorem 16.271) . and show that it preserves filtered 
colimits and suitable coequalizers (Theorem 16.241) . 
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A particularly interesting case arises when E has a cogroup structure in T; note that 
this holds when T is the category of finitely generated free algebras over an operad, or 
the homotopy category of finite one-point unions of a suspension. In this cogroup case 
our above data simplify considerably; notably, the map H splits into two maps 

Me ^ Mee ^ Ti^{cr2T {E , -)){E , E) coker{P) 

the first of which generalizes the map H in the cited examples above, while the second 
one was not visible in these special cases where it is either trivial or determined by the 
remaining structure. For example, when T is the category of finitely generated free 
groups, H2 is equivalent to the map A = HiPHi — 2Hi in [4J. Moreover, the involution 
T here is determined by the remaining structure as T = HiP — 1. 

Summarizing we may say that in the general cogroup case a quadratic T-module is a 
square group {Hi, P) enriched by suitable actions of A and A (X> A and by an additional 
structure map H2. 

Our result shows that in order to model polynomial functors F : T ^ Ah, it is not 
sufficient to just add structure maps of the type H and P between the various cross- 
effects of F as is suggested by the special cases treated in the literature: the more 
complicated domain of the map H (and its decomposition into two maps in the cogroup 
case) destroys this ideal picture. On the other hand, the map H has the interesting 
structure of a morphism of symmetric A ® A-modules which had not become apparent 
so far. 

We finally note that along our way, we need to provide plenty of auxiliary material 
which might be of independent interest: we consider and use bilinearization of bifunc- 
tors, give more explicit descriptions of the linearization and quadratization of a functor, 
compute them in a number of cases, in particular for diagonalizable functors, and intro- 
duce a notion of quadratic map from a morphism set of a pointed category with finite 
sums to an abelian group which generalizes the notion of quadratic map from a group 
to an abelian group in the sense of Passi [T7] or the first author [12], and allows to 
characterize quadratic functors in terms of their effect on morphism sets. 

In subsequent work we plan to extend our results to quadratic functors with values in 
the category of all groups where the situation is much more intricate for several reasons. 
We also expect that our approach generalizes to polynomial functors of higher degree. 
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1. Polynomial functors 

1.1. Generalities on polynomial functors and bifunctors. Throughout this pa- 
per, C denotes a pointed category (i.e. having a null object denoted by 0) with finite 
coproducts denoted by V. Let Gr and Ab denote the categories of groups and abelian 
groups, resp. We begin by giving a definition and basic properties of the cross-effect 
and of polynomial functors from C to Gr, generalizing those given in |lj for linear and 
quadratic functors and those given by Eilenberg and Mac Lane in the case of functors 
from an abelian category to Ab |8]. 



In the sequel, T> denotes one of the categories Gr or Ab. We consider functors from C 
to V. In particular, for E a fixed object of C we define the universal functor Ue : C Ab 
as follows. For a set S, let Z[S] denote the free abelian group with basis S. Since for 
all X eC, C{E,X) is pointed with basepoint the zero map, we can define a subfunctor 

Z[0] of Z[C{E, -)] by Z[0](X) = Z[{E ^ X}] for X e C. 

Definition 1.1. The universal functor Ue '■ C Ab relative to E is the quotient of 
Z[C(i?, — )] by the subfunctor Z[0]. 

Note that Ue is the reduced standard projective functor associated with E. 
To keep notation simple we write / also for the equivalence class in Ue{X) of an 
element / of C{E,X), and we often omit the subscript E ihUe- 
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Let F : C — > D be a functor. We often note /* = F{f) for a morphism / in C. For 
objects Xi,. . . , Xn of C and 1 < A; < n let 

— ^1 V ... V Xn )• Xk 

be the canonical injection and retraction, resp., the latter being defined by r^i^ — Ix^ 
and r^ip — ii p k. 

Definition 1.2. The n-th cross-effect of F is a functor crnF : C^" — > X> (or a multi- 
functor) defined inductively by 

criF(X) = ker{F{0) : F(X) F(0)) 

cr2F(X, Y) = ker((F(rl), F(r^))* : F(X WY)^ F(X) x F(Y)) 

and, for n >3, by 

crnF{Xi, . . . , X„) = cr2(cr„_i(-, Xs, . . . , X2). 

In other words, to define the n-th cross-effect of F we consider the (n — l)-st cross- 
effect, we fix the n — 2 last variables and we consider the second cross-effect of this 
functor. One often writes F{Xi \ ■ ■ ■ \ Xn) = crnF{Xi, . . . , 

Note that F{X) ~ criF(X) >^ F(0) as F(0) : F(0) ^ F(X) is a natural section of 
F(0) : -P(X) F{0). Moreover, one easily checks by induction that crnF{Xi, . . . , Xn) 
is a subgroup of F{Xi V ... V 

In this paper we are mainly interested in reduced functors F : C ^ V, that is satisfying 
F(0) = 0. We denote by Func^{C,V) the category of reduced functors F : C ^ V. 

There is an alternative description of cross-effects for reduced functors. To state this 
let 

^12 (fe— i)(A:+i) n ■ Xi\/ . . .V Xn — > V . . . V^fc V . . . V^jj bc the map whosc rcstriction 
to Xi is its canonical injection lor i ^ k and is the zero map ili — k. 

Proposition 1.3. Let F : C ^ T> be a functor. Then the n-th cross-effect 
crnF{Xi, . . . , Xn) is equal to the kernel of the natural homomorphism 

n n 

n^«2...(/^-i)(fc+i)...n) ■■ F{X,V...VXn) > l[F{X,V...VX,V...VXn). 

k=l k=l 

As a consequence, we see that cr„F(Xi, . . . actually is a normal subgroup of 
F{Xi\/. . .VX„). Moreover, it follows that cr„F(Xi, . . . , Xn) is symmetric in Xi, . . . , Xn- 
Finally, we see that the functor cr„ is multi-reduced, i.e., cr„F(Xi, . . . vanishes if 
one of the Xk is the zero object since then F{r^^ (^k-i)(k+i) n) isomorphism. 

The importance of cross-effects comes from the following property of functors with 
values in Ab. 

Proposition 1.4. Let F : C ^ Ab be a reduced functor. Then there is a natural 
decomposition 

n 

F(XiV...VX„)~0 crkF{Xi„...,Xj. 

k=l l<ii<...<ik<n 

The cross-effects have the following crucial property. 

Proposition 1.5. The functor crn ■ Func{C,V) — > Func{C^'^,V) is exact for alln > 1. 

Proof. For n = 1 it is a consequence of the natural decomposition F{X) ~ criF{X) x 
F(0). For n — 2 this follows from the snake-lemma. For higher n use induction. □ 

Definition 1.6. A functor F : C ^ V is said to be polynomial of degree lower or equal 
to n if crn+iF = 0. Such a functor is called linear if n = 1 and is called quadratic if 
n = 2. We denote by Func{C,V)^n the full subcategory of Func{C,V) consisting of 
polynomial functors of degree lower or equal to n. 
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The category Func{C,V)<n has the following fundamental property which is an im- 
mediate consequence of Proposition 11.51 

Proposition 1.7. The category Func{C,T>)<n is thick i.e. closed under quotients, sub- 
objects and extensions. 

This is an immediate consequence of Proposition ll.5[ 

Throughout this paper we denote by : C — ^ C^" the diagonal functor. For n = 2 
we write Ac instead of A^. 

Definition 1.8. For F G Func{C,T>) and X E C, we denote by the natural trans- 
formation : {crnF)A^ — > F given by the composition 

cr^F{X, . . . , X) ^ F(vr=iX) F{X) 

where V" : V^^^^X —>■ X is the folding map. 

Note that the image of is normal in F{X); in fact, crnF{X, . . . ,X) is normal in 
F(V"^^X), and F(V"') is surjective admitting F{i'^) as a section. This fact is used in 
the following: 

Definition 1.9. For F G Func{C,V) the n—Taylorisation functor '■ Func{C,V) 

Func{C,V)<n is defined by: TnF = cofcer((cr„+iF) A^^^ > F). We call Ti the 
linearization functor and T2 the quadratization functor. 

Let Un : Func{C,V)<n — ^ Func{C,V) denote the forgetful (i.e. inclusion) functor. 

Proposition 1.10. The n~Taylorisation functor Tn '■ Func{C,V) — >■ {Func{C,V))<n is 
a left adjoint to Un. The unit of the adjunction is the natural epimorphismt^ '■ F — > T„F 
which is an isomorphism if F is polynomial of degree < n. 

Thus, we obtain the diagram: 




IJn + l 




Tn+iF ^ TnF — r„_iF ' TiF TqF = 0. 

Since the cross-effect cr2-F of a functor is a bifunctor we need some general definitions 
and facts about bifunctors. 

Definition 1.11. A bifunctor B : C x C —>■ V is said to be bireduced if for all X E C, 
5(X, 0) = i?(0,X) = 0. We denote by BiFunc^^^,{C x C,V) the category of bireduced 
bifunctors from C x C to T>. 

A bireduced bifunctor B : C xC ^ T> is said to be bipolynomial of bidegree < (n, m) if 
for all X E C the functors B{—, X), B{X, — ) : C V are polynomial of degree < n and 
< m respectively. We denote by BiFunc^^^.{C x C,V)<(^n,m) the category of bipolynomial 
bifunctors of bidegree < {n, m) . 

Proposition 1.12. The category BiFunCtf^^{C x C,'D)<(n,m) is thick. 

Definition 1.13. Let B : C x C ^ T> be a bireduced bifunctor and n,m > 1. Then the 
bifunctor T„,„5 : C x C ^ V is defined by T„,„5(X, Y) = B{X, Y)/NiN2 where 

Xi = imiS^i';'^'' : crn+iB{-, F) (X, . . . , X) ^ B{X, ¥)), 

N2 = ^m(5^V1'"^ ■■ crn,+iB{X, -)(Y,...,Y)^ B{X, Y)). 
For {n,m) = (1, 1) we call Ti iB the bilinearization of B. 

Let Un^m '■ {,BiFunc^^^{CxC,V))<(^n^m) BiFunC:^^^{CxC,V) be the forgetful functor. 
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Proposition 1.14. The {n,m)—Taylorisation functor 

Tn,m '■ BiFunc^^^^iC x C,Ab) BiFunc^^^,{C x C, Ah)^(n,m) 
is a left adjoint to Un,m- The unit of this adjunction is given by the natural epimorphism 

tn,m • B > Tji^mB ■ 

Notation. For brevity we will often write Tn and tu instead of Ti^i and ti^i, resp., and 
X instead of or tii(x) for x G F{X) or x G B{X, F), resp. 

Example 1.15. For reduced functors F,G : C —>■ Ab define the bifunctor F ^ G : 
C X C ^ Ab by {F ^ G){X, Y) = F{X) ® F{Y). Then there is a natural isomorphism 

T„„m{F^G)-TnFmT^G. 

This is immediate from right-exactness of the tensor product. In the following propo- 
sition we give another characterization of the quadratization functor which is useful in 
the sequel. This requires some notations: in the diagram 



:i.i5.i) 



((*12...(fc-l){fc + l)...n)*'(*fe)*) 



F(XiV...VX„)— ^_^^(x,v...VXfeV...VX„)©F™ 

12... (k-l)(k + l)...n>*^'^^ kl") 

the map i^2 n obvious injection. 

Considering the kernel of {{r^2 (fc-i)(fc+i) n)*' (^fc)*)* obtain the maps: 

'^(12...{fc-l){fc + l)...n,fc) 



(1.15.2) V ... V X, V ... V V . . . V X„). 

{12...(fe-l)(fc + l)...n,fc) 

where P(\2...(fc-i)(fc+i)...n,fc) is the retraction induced by the section {{ii2...(k^i)ik+i)...n)*^ (^fc)*) 

of (('"l2...(A:-l)(fc+l)...n)*' i^k)*) ■ 

IFtoiu. now on, we only consider functors on C with values in Ab. 

1.2. Algebraic theories and polynomial functors. When C is an algebraic theory, 
the polynomial functors from C to Ab of degree n have the crucial property that they 
are determined by their values on n objects of C. 

Recollections on algebraic theories. We here recall and discuss the definition of a 
pointed algebraic theory used in this paper and many others by Baues, Jibladze and 
Pirashvili. 

Definition 1.16. A pointed (algebraic) theory T is a pointed category T with an object 
E such that any object of T is isomorphic to a finite sum of copies of E. In particu- 
lar, for any object E of C we denote by {E)c the theory generated by E, i.e. the full 
subcategory of C consisting of the objects E^"^ = E \J . . . y E (n times), n > Q, with 
= 0. 

Note that this definition of an algebraic theory is dual to the classical one as being 
a category encoding algebraic operations, see [5]. Thus a model of a theory T in our 
sense is a contravariant functor from T to the category of sets transforming coproducts 
into products. The advantage of this definition is that here T identifies with a full 
subcategory of its category of models, namely the category of free models of T of 
finite rank [5]. This allows the quadratic functors we construct in section 5, from data 
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depending only on T, to be naturally defined on the whole category of models of T; 
indeed, on all of C in the more general case where T = (-E')c- 

Polynomial functors on algebraic theories. The following property of poljTiomial 
functors is crucial in the sequel. 

Proposition 1.17. Let F,G : C Ab be two reduced polynomial functors of degree 
lower or equal to n and (p : F ^ G be a natural transformation of functors. IfC = {E)c, 
the following statements are equivalent: 

(1) (f) is a natural isomorphism; 

(2) V/c < n, (p^vk is an isomorphism; 

(3) 0£;vn is an isomorphism; 

(4) \/k such that 1 < k < n, crk{(j))E,...,E is an isomorphism. 

Proof. Clearly (1) =^ (2) =^ (3). The implication (3) =^ (4) is a consequence of the 
natural decomposition given in Proposition 11.41 To prove (4) =^ (1), let p G N and 
m = min{p,n). Proposition II .41 provides a natural decomposition: 

p 

F(XiV...VXp) ^0 cr,F{Xi„...,X,J 

k=l l<ii<...<ih<p 
m 

^00 cr,F(X,„...,X,J 

k=l l<ii<...<if;<p 

since F is supposed to be polynomial of degree n. Using the analogous decomposition 
for V . . . V Xp) we have: 

m 

0Xiv...vx, -0 crk{(p)x,^,...,x,^- 

k=l l<ii<...<if^<p 

For Xi = . . . = Xp = E we deduce that (pE^^p is an isomorphism. □ 

Proposition 11.171 implies the following analogue for bipolynomial bifunctors. 

Corollary 1.18. If C = {E)c, for B,D : C x C ^ Ab two bipolynomial bifunctors of 
bidegree lower or equal to {n,m) and cp : B ^ D a natural transformation of functors. 
Then (p is an natural equivalence if and only if (p(E'^k^E'^'-) ^■^ on isomorphism for all k < n 
and I < m. 

1.3. Symmetric bifunctors. In this section we emphasize a supplementary structure 
on the cross-effect. 

Definition 1.19. A symmetric bifunctor from C to Ab is a pair {B,T) where B : 
C X C ^ Ab is a bifunctor and T : B B o V is a natural isomorphism. 

Cross-effects are natural examples of symmetric bifunctors, as follows. For X,Y E C 
denote by rx,y : X V Y ^ Y V X the canonical switch. 

Proposition 1.20. Let F : C Ab be a functor. Then there are symmetric bifunctors 
{cr2F,T^) and (Tii(cr2-F), T^) where 

Tly : (cr2F)(X,r) ^ (cr2F)(r,X) and f^y : Tn(cr2F)(X, F) ^ Tn(cr2F)(r, X) 
are given by 

^l,y = (^(i,2))"'i^(^x,y)(^?i,2)) and f|,^ = Tn(T^), 
noting that Tii((cr2-F) o V") = Tii(cr2-F) oV . □ 
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2. Study of the (bi-)linearization and quadratization functors 

2.1. (Bi)-linearization and the identity functor of the category of groups. The 

following calculations are needed in section 7. Recall the following fact: 

Lemma 2.1 ([3] Lemma 1.6). For F : C ^ Gr a reduced linear functor, F{X) is an 
abelian group for X E C. 

For a group G and a,b E G let [a, b] = aba^^b^^ and let G"^ = G/[G, G] denote the 
abelianization of G. 

Proposition 2.2. Let Idcr '■ Gr Gr be the identity functor. There is a natural 
isomorphism of functors Gr Gr 

V,:T,{IdGr){G)^G'^' 

such that for g E G, one has Ti{g) = ti{g). 

Proof. The map Fi is welldefined by Lemma 12.11 The natural homomorphism ab : 
G G°'^ factors through ti followed by a map ab : Ti{IdGr){G) G"^ since the 
abelianization functor G ^ G""^ is linear. It is straightforward to check that ab is the 
inverse of Fi. □ 

We note that this result generalizes to a natural isomorphism TnldcriG) = G/7„+i(G) 
where 7n(G) is the n-th term of the lower central series of G; this observation is the 
starting point of forthcoming work on nilpotent categories. 

Proposition 2.3. Let Idcr '■ Gr — > Gr be the identity functor. There is a natural 
isomorphism of bifunctors Gr x Gr — > Ab 

Tu : Tucr2{IdGr){G, H) ^ G"" ® iJ"" 
such that for g E G , h E H one has Tuij) ®h)= tii{\i\g, ilk]). 

Proof. Write G* = G\{1}, and for a set E let L{E) denote the free group with basis E. 
It is wellknown that there is an isomorphism 

a : L{G* x H*) ^ cr2{IdGr){G, H) 

such that a{g,h) = [ilg,ilh], see |16]. Let B : Gr x Gr —>■ Gr denote the bifunctor 
given by B{G,H) = L{G x H)/N ~ L{G* x H*) where is the normal subgroup 
generated by G x {1} U {1} x H. Let vr : L{G x H) ^ B{G,H) be the canonical 
projection. The natural homomorphism F'^^^ : B{G,H) G"'^ ® i?"* sending {g,h) to 
g factors through tu followed by a map f '^^ : TuB{G, H) G"^ ® H"^ since the 
bifunctor sending (G, H) to G"* ® is bilinear. So it remains to show that F'^^^ is 
an isomorphism. For this it suffices to check that the map b : G x H ^ TuB{G, H) 
sending {g, h) to tuT^{g, h) is bilinear, thus providing an inverse of F'^^^. To show that b 
is linear in h consider the map B{IdG, V^) : B{G, H V H) B{G, H). One has 

X = ni{g, h,h2){g, h^r'ig, h,)-') = B^Mg, V'){y) 

with y = n {{g, il{h)tl{h2))ig, tlih2))-\g, tlih))-^). But 

B{IdG,rl)iy) = niig,h,)ig,l)-\g,h,)-') = 1 

and 

BiIdG,rl){y)=7c{{g,h2){g,h2)-\g,ir') = 1, 

whence y E B{G, —){H \ H). Thus x E im{S2^^'~^), whence tii(x) = 1. Thus b is 
linear in h. Similarly one shows that b is linear in g, as desired. 

□ 
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2.2. Linearization and quadratization of diagonalizable functors. Recall that a 
reduced functor F : C ^ V is called diagonalizable if there exists a bireduced bifunctor 
B -.C xC such that F = BAc- 

Proposition 2.4. The linearization of a diagonalizable functor F is trivial. 

Proof The section 5(^2,^2) ^^e map BAc{\/^) : B{X V X,X V X) ^ B{X,X) 
takes values in cr2{BAc){X, X) since B{rl,rl)B{i\,i\) = for A; = 1,2. Hence S'f is 
surjective and TiF = 0. □ 

We need to related the quadratization of a functor to the bilinearization of its cross- 
effect. Let F : C ^ Ahhe a, reduced functor. Consider the natural map of bifunctors: 

cr2{t2) ■ cr2{F) —> cr2{T2F). 

Since Tn is the left adjoint of the forgetful functor U : {BiFunc^:{C, Ah)) 
BiFunc^{C, Ah) we obtain that ^2(^2) factors through the unit map tu : cr2{F) 
Tu{cr2{F)) , thus providing a canonical morphism of bifunctors: 



(2.4.1) cr2(t2) : Tn(cr2(F)) ^ cr2(T2F). 

The following theorem is special case of a more general result in [10] . 



Theorem 2.5. The morphism cr2{t2) '■ Tii{cr2{F)) cr2{T2F) is an isomorphism of 
bifunctors. 

Lemma 2.6. If B : C x C ^ Ah is a bilinear bireduced bifunctor then BAq : C —* Ah is 
a quadratic functor. 

Proof. For X,Y E C we have: 

BAc{X V F) = B{X V F, X V F) = B{X, X) © B(Y, Y) © B{X, Y) © B(Y, X) 

= BAc{X) © BAc{Y) © 5(X, Y) © X) 

where the second equality follows from the bilinearity of B. We deduce that cr2{BAc) 
(X, Y) = B{X, Y) © B{Y, X) which is a bilinear functor. So -BAc is quadratic. □ 

Proposition 2.7. For a bireduced bifunctor B : C x C —>■ Ab we have: 

T2{BA) = (Tnfi)A. 

Proof. Consider the natural map of functors 

A*tii : BA {TuB)A 

where {TiiB)A is a quadratic functor by Lemma [2.61 Hence A*tii factors through the 
quotient map: ^2 '■ BA — T2BA thus providing a canonical morphism / : T2{BA) 
{TiiB)A making the following diagram commutative: 
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BA T2{BA) (Tnfi)A. 

To prove that / is an isomorphism first note that / is an epimorphism since A*tii 
is. To prove that / is a monomorphism it is sufficient to construct a map: a : 
{TiiB)A — > T2BA such that aft2 = ^2 since ^2 is epimorphic. For X G C, the 
map: B{ii,i2) ■ B{X,X) B{X V X,X V X) = BA{X V X) induces a map (3 : 
B{X,X) ^ cr2(5A)(X,X) such that tf^^^^P = B{ii,i2) since 5(ri, ri)S(ii, 22) = 
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B{r2,r2)B{ii,i2) = as i? is bireduced.. We consider the map ax '■ TuB^X, X) 
T2{BA){X) given by the following composition: 



TuB{X,X) ^ (Tncr2(i?A))(X,xT— "c^2(T25A)(X,X) ^T2(i?A)(X VX) 

r2(BA)(V) 

T2{BA){X) 



where ^2(^2) is the canonical morphism of bifunctors given in 12.4. 1[ 

By naturality of ^11,^2 and by definition of ^2(^2) "we get the following commutative 
diagram: 

(*ll)(X,X) 



B{X,X) 

/3 



TnB{X,X) 



cr2{BA){X,X) (Tncr2(fiA))(X,X) 



t2 
(1,2) 



, , cr2(t2)(x,x) 

BA{XVX) cr2{T2{BA)){X,X) 



BA(V) 



BA{X) = B{X,X) 



(t2)xvX 



,2 

'(1,2) 



T2{BA){XyX) 

T2{BA)(V) 

T2(5A)(X). 



Consequently, we obtain: 



o /x o {t2)x = o (A*tii)x 

= (^2)x ° -SA(V)i^^ 2)/^ t)y the previous commutative diagram 

= (t2)xS(V,V)5(2i,^2) 

= (t2)x since Vii = = Idx- 

□ 

2.3. Generalized quadratic maps. We introduce the notions of cross-effect and 
quadraticity of maps from morphisms sets of C to abelian groups, generalizing Passi's 
notion of quadratic (more generally polynomial) maps between abelian groups. The 
quadratization functor T2 turns out to provide universal quadratic maps in this sense, 
and allows to characterize quadratic functors from C to Ab as being functors whose 
restriction to each morphism set is a quadratic map. 

We start by recalling some elementary facts on polynomial maps between groups. Let 
/ : G — > y4 be a function from a group G to an abelian goup A such that /(I) = 0. Let 

Then / is said to be polynomial of degree < if its Z-linear extension / : Z[G] ^ A 
to the group ring Z[G] of G annihilates the n + 1-st power /"^^(G') of the augmentation 
ideal I{G) of or equivalently, if its restriction to I{G) factors through the natural 

projection I{G) — ^ Pn{G) := I{G)/I^^^{G) , see [IT]. This property can be charac- 
terized by using cross-effects of maps ^llj; in particular, / is quadratic, i.e. polynomial 
of degree < 2, iff its cross effect dj : G x G ^ A, df{a,b) = f{ab) — f{a) — f{b), is a 
bilinear map, see also [12]. 
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Now we generalize this situation, thereby exchanging the definition of a quadratic 
map via P2{G) with its characterization in terms of the cross-effect, as follows. Let 
X,Y ^ C, A & Ab and (f : C{X, Y) ^ A an arbitrary normalized function,which means 
that /(O) = 0. 

Definition 2.8. The second cross-effect of (p is the homomorphism of groups 

cr^iv) : Ux{Y \Y) A 

defined as follows. Let cr2{(p) : Ux{Y\/Y) A given by cr2{v){0 = V^(^0 ~ vi^^iO ~ 
(^(raO for ^ G C{X, YVY). Now let cr2{'p) = ch{v)t^fi,2)- 

Definition 2.9. For a hifunctor B : C x C ^ Ab and a homomorphism of groups i/j : 
B(Y,Y) ^ A we say thatip is bilinear if factors through tn : B{Y,Y) — > {TiiB)(Y,Y) . 
Now (f is said to be quadratic if its cross- effect cr2(v?) is bilinear. 

A universal quadratic map is provided by the quadratization functor T2; this fact 
is needed in Lemma 15.141 below. To state this, let If : Ux{Y) A he the Z-linear 
extension of (f. 

Proposition 2.10. The map (p : C(X, F) A is quadratic if and only if Tp factors 
through : UxiY) — ^T2Ux{Y) . 

Remark 2.11. The above definitions and Proposition indeed formally generalizes the 
situation for quadratic maps between groups recalled at the beginning of the paragraph. 
To see this, take C = Gr, X = Z and Y = G. Using the isomorphism of functors Uz = I 
in section 8.1 below, and Propositions 12.71 18.51 and and 12.31 one gets an isomorphism of 
functors S' : Tsf/^ = P2 = I/P such that E'{t2a) = a-l + P{G) for aeG. This shows 

that for a map G = Gr{Z,G) —-^ A , the map (f factors through t2 iff it is polynomial 
of degree < 2 in Passi's sense. On the other hand, it can be deduced from Proposition 
18.71 that cr2{<f) is bilinear in the sense of Definition 12.91 iff its group theoretic cross-effect 
d^p is a bilinear map in the usual sense. Thus Proposition 12.101 here is equivalent with 
the characterization of polynomial maps of degree < 2 by the bilinearity of their cross 
effect. 

Remark 2.12. It is well known that a functor F: A B between additive categories A 
and B is polynomial of degree < n iff for all objects A,B & A the map F: A{A, B) 
B{FA,FB) is polynomial of degree < n in the sense of Passi [17j; we point out that 
the latter notion can be described in terms of cross-effects of maps [11]. In degree 
n = 2, our notion of quadratic map above allows to generalize this fact to functors 
F: C ^ i3, as follows: let Z[C] be the ringoid with the same objects as C and morphisms 
Z[C]{X,Y) = Z[C{X,Y)] = Ux{Y); similarly, let P„C be the quotient ringoid of Z[C] 
where P„C(X, Y) = TnUx{Y); this category is introduced, in a more general context, by 
Johnson and McCarthy in [13]. They prove that F is polynomial of degree < iff the 
natural extension of F to an additive functor F: Z[C] — B factors through the natural 

quotient functor tn'- Z[C] — ^ PnC ■ Now for n = 2 the latter property is equivalent 
with all maps F : C(X, y) — > B{FX, FY), X,Y & C, being quadratic, by Proposition 

In order to prove Proposition 12.101 and also for later use, we need the following 
description of quadratization functor from the bilinearization functor. 

Proposition 2.13. For F E Func^{C,V) and X E C we have: 

T2{F) = coker[ker[cr2F{X,X) ^ (Tncr2F)(X, X)) ^ ^(X)). 
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Proof. We have the following commutative diagram 
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(,2 (,3 

crsF{X, X, X) = cr2{cr2F{-, X)){X, X)^^ cr2F(-, X){X V X)^^^ F{X V X V X) 



F(V2|1) 

cr,F{-,X){X) 




F(X) 



Ti(cr2F(-,X))(X) 

where the right hand square commutes by the following commutative diagram 



cr2F{Xy X,XY 



F{X V X V X) 



F(V2|1) 



cr2F(X,X) 



F(v2viL 



F(X V X) 




F{V2) 



F(V3) 



F(X). 



By Definition [H 



T2F(X) = coA;er(cr3F(X,X,X) ^ F(X)) = coker{cr^F{X,X,X) F(X)). 



■^3 



We deduce from the first diagram that 

(2.13.1) r2F(X) = coker{cr^F{X,X,X) ^^^^^-^ F{X)) 



(2.13.2) 



coker(ker (^cr2F(-, X)(X) ^ Ticr2F(-, X)(X)) ^ F(X) 



Considering cr2-F(X, — ) instead of cr2-F(— , X), we can write down similar commutative 
diagrams which imply 

(2.13.3) r2F(X) = coker(ker (^cr2F{X,-){X) ^Ticr2F{X,-){X)^ ^ F{X)y 

Combining 12.13.2] and 12.13731 we deduce the result. □ 

Proof of Proposition \2.1(A For ^ G C{E, EM E) we have: 

cr2{^)pli,2){Cl = vi^O - - ^{^20 - ivi^hriO - viniinO - </'('^2«inO) 

- {ip(yi2r20 - '^{rii2r20 - <^{r2i2r2C)) 
= <^(V0 - <^(riO - <^(r20 
= ^V(^-iiri^-i2^20 

= ^Vi^i_2)P?i,2)(0 
= ^52'^"P(l,2)(e). 



Hence cr2{'^) = ^82^. Now, (f is quadratic iff cr2{f)Ker{tu) = 0. But cr2{(f)Ker{tu 



ifS2^Ker{tii) = ifKer{t2) by Proposition 12. 13[ whence the assertion. 



□ 
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2.4. Explicit description of the (bi-) linearization and quadratization functor. 

The general principle of this section is to express the values TnF{X) of the functor r„F 
as a cokernel of a map F(X^("+i)) ^ F{X) instead of a map cr„+iF(X, . . . , X) ^ F(X) 
since the elements of cr„+iF(X, . . . , X) are more difficult to describe than the elements 

of F(X^("+i)). 

As a particular case of diagrams 11.15.11 and 11.15.21 we have the following split short 
exact sequence: 

''(1,2) (iL.^iJ 

(2.13.4) F(X|r) F{X V Y) —^ F{X) © F{Y) ^ 

^(1,2) ('"l*,»'2*) 

which implies that: 

(2.13.5) IdpiXWY) = ^-(1,2) ° P(l,2) + ° '^L + ° ^2* 

so 

(2.13.6) Jm(i(i 2)) = Im{IdF(xvY) - iu ° - ° '^D- 
Furthermore, we obtain a natural isomorphism of bifunctors 

(2.13.7) F{X\Y) ~ F{X V F) ALF(X) + 4^(>^)- 

2.4.1. Linearization and bilinearization functors. In the following Proposition we give 
an explicit description of the linearization functor Ti. 

Proposition 2.14. For F G Func^{C, Ab) and X & C we have: 

Ti(F)(X) = coker{F{X V X) f{X)) 

so 

T,F{X) = F{X)/Im{S^ o pl,^) = F(X)/{V^(x) - rUx) - rl{x)\ x G F(X V X)} 
= F(X)/{((1, 1), - (1, 0), - (0, l),)(x)| X G F(X V X)} 
Proof. The map p"^^^ 2) is surjective by the short exact sequence 12.13.41 hence 

Ti(F)(X) = coker{F{X \ X) ^ F(X)) = coker{F{X V X) f{X)) 

and we have by I2.13.5t 

^2"" ° P(i,2) = m'yii,2)Pl,2) = FiV')iId - tl o rl - il o rl) 

Y72 _ 2 _ 2 

□ 



Similarly we obtain: 
Proposition 2.15. For B G BiFunc^^^{C x C, A6) and X,Y G C we have: 

TuB{X,Y) = coker(B{XyX,Y)(BB{X,YyY) ^ B{X,Y) 

where {p^^^y : 5(-,r)(XVX) ^ cr25(-, r)(X, X) anc? (pj^2))' ^ B{X,~)(YyY) 
cr25(X,-)(r,r), so 

Tn5(X, Y) = B{X, Y)/Im{{S! o {pl^,^)^ , o (pj^ 2))'') 

= B{X, Y)/{K{x, y)\xeB{Xy X,Y),ye B{X, Y W Y)} 
where K{x,y) = B{\/\ Id){x)-B{rl Id){x)-B{rl Id){x)+B{Id,V^){y)-B{Id,rl){y)- 
B{Id,rl){y). 
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Recall that for F G Func^,{C,Ab) we have cr2-F G BiFunc^:^^{C x C,Ah), so we can 
consider the bilinearization of the bifunctor cr2-F. 

Applying the previous proposition to cr2-F gives us a description of Tiicr2F{X, Y) as a 
quotient of cr2-F(X, Y) where the relations are obtained from elements in cr2-F(XVX, Y) 
and cr2F(X, Y \/ Y). A more manageable description of Tiicr2-F(X, y), as a quotient 
of F[X V y), is given as follows: 

Proposition 2.16. For F E Func^iC, Ah) and X,Y E C we have: 
T^,cr2F{X\Y) = F{X V Y)/{zl{x) + zUy) + A{zi) + B{z2), \ x E F{X),y E F{Y), 

zi E F{X V X V F), ^2 e F{X V F V F)} 

where 

A = F(V^ V Id) - F{rl V Id) - F{rl V Id) 

and 

B = F{Id V V^) - F{Id V ri) - F{Id V r^). 

Proof. By Proposition 12.141 we have 

Ti{cr2F{-,Y)){X) = coker{F{V'^ \ Id) - F{rl \ Id) - F{rl \ Id)). 

We obtain the term A from the following commutative diagram where the vertical arrows 
are isomorphisms of bifunctors by f l2.13.7p : 



cr2F(-,r)(XVX) 



F{{X V X) V Y)/{vi,,F{X V X) + 



F(S/'^\Id)-F{rl\Id)~F{rl\Id) 



cr2F{-,Y){X) 



F(xvr)/(4i^(x) + ziF(r)). 
□ 



F{\72\/Id)-F{rj\Jld)-F{r^\Jld) 

Similarly, considering Ti(cr2-F(X, —)){Y) we obtain the term B. 
2.4.2. Quadratization functor. 

Proposition 2.17. For F E Func^{C, Ab) and X E C we have: 

T2F{X) = F{X)/{{Vl - (VV?2)* - (VV?3), - (VV2^3), + rl + + rl){x) 

I X E F(X VX VX)} 

= F(X)/{((1, 1, 1), - (1, 1, 0)* -(1,0, 1), - (0, 1, 1). + (1, 0, 0), + (0, 1, 0), + (0, 0, l),)(x) 

I X E F(X VX VX)}. 

Proof. By the proof of Proposition 12.131 we have 



T2F(X) = coker{cr^F{X,X,X) 
By the following commutative diagram: 



'-'2 '^2 



F{X)). 



cr2F(-,X)(XVX) 

Id-cr2F{ilrf,Id)-cr2F{i^r^,Id) 



'■(1,2) 



>cr2(cr2F(-,X))(X) 



cr2F(V2,M) 



-,cr2F(-,X) 



cr2F(-, X)(X V X) ^ cr2F(-, X)(X) 



(,3 

(12,3) 



(12,3) 




F((X VX) VX) 



FiS/'^Vld)-FirlvId)-F(r^yId) 



F{X V X) 



F(V2) 



F{X) 
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we have 

= Im{Sicr2F{V'',Id)Ll,^) 

= Im{S2cr2F(V'^, Id^t"^^ 2)P(i 2)) since p^^ 2)is surjective 

= /m(5f cr2F(V2, Id){Id - cr2F{f^rl, Id) - cr2F{ilrl Id))) bv [27[33] 

= Jm(^f (F(V2 I Id) - F{rl \ Id) - F{rl \ Id))) 

= Jm(S'f (F(V^ I Id) — F{rl \ Id) — F{r\ \ Id))p^^^23)) since ^^123)^^ surjective 
= Jm(F(V2)(F(V2 V Id) - F{rl V Id) - F{rl V M)^J,,2)P(i2,3))' 
By the following short exact sequence 

^'(12.3) («?2*.«3*) 



F{X V X\Y)^^^ F{X V X V r) - — ^ F{X V X) © F{Y) 

\l2,3) (^12*'^3.) 



we obtain 

(F(V2 V Id) - F{rl V Id) - F(r2 V /rf))^?i2,3)P(i2,3) 
= (F(V2 V Id) - F(r2 y Id)-1 ^ 
= F(V2 V Jd) - F(r2 y Id)-F 
-F{ilrl) + F(ziri) + F{{lrl) 
= F(V2 V /d) - F{rl V Jrf) - F(r| V /rf) - F(i2v2r32) + Fiifrf) + Fiifrl) + F{ilrl) 

Hence 

imis^s:^''"''^-^''^) 

= Im{F{V^){F{V^ V Id) - F{rl V Id) - F{rl V Id) - F^LlV^rl^) 

+F{e,rl) + F{i{rl) + F{ilrl)))) 
= /m(F(V3) - FfW^g) - F(VV|3) - F(VM2) + ^(r?) + ^(rf) + F(r|))) 



(F(V2 V Jrf) - F{rl V Id) - F(r2 V Id)) (Id - if2*^L - 4^1*) 

F(V2 V Jd) - F{rj V Jrf) - F{rl V /rf) - F(i2v2r32) + Fiifrf) + ^(ifrS^ 



□ 

3. Equivalence between polynomial functors and modules over 

suitable rings 

In this section we give a classification of polynomial functors by modules over suitable 
rings essentially due to Johnson and McCarthy in [TH [T3] . Although this provides a 
classification of polynomial functors of all degrees, it is not satisfactory since the rings 
that appear are very complicated. So this complete classification does not seem to 
be manageable for functors of degree higher than 1. Therefore our aim is to describe 
polynomial functors by minimal data, which is achieved for quadratic functors in this 
paper. 

3.1. Adjunction between reduced functors and A-modules. In this section, we 
give an adjunction between reduced functors and A-modules which is the starting point 
of the equivalence between polynomial functors and module categories given in the 
sequel. We begin by the following straightforward lemmas. 

Lemma 3.1. Composition in C induces a ring structure on A := U{E) and a structure 
of right A-module on U{X) for any X G C. 

Lemma 3.2. For F : C Ah a reduced functor, F{E) is a left A-module via 

a.x := F{a){x) 

for a G C{E, E) and x G F{E) . 

So, we can give the following definition. 
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Definition 3.3. The functor 

§ : Func^iC, Ab) A-Mod 
is defined by §(F) = F{E) for F G Func^{C, Ab). 

A left adjoint of S is provided in the following definition. 
Definition 3.4. The functor 

T : A-Mod^ Func^{C, Ab) 

IS defined by T{M){X) = U{X) ®a M for M e A-Mod. 

Proposition 3.5. The functor T is a left adjoint o/S. 
The unit of this adjunction is the canonical isomorphism 

um ■■ M ^ A^aM = §T(M) for M G A-Mod. 

The co-unit is 

{u'p)x : T§(F)(X) = U{X) ®a F{E) F{X), 

where {u'p)x{f(»x) = F{f){x) for f G C{E,X), and x G F{E). 

We consider first order approximation of F; if F is polynomial of degree n 

then Up may be reduced to a morphism 

^ : r„(T§(F)) F 

This turns out to be an isomorphism for n = 1 but is not for n > 1. So our approach 
to polynomial functors consists of inductively improving the approximation u'p in order 
to get an isomorphism again, by taking into account higher and higher cross-effects. 

3.2. Classification of linear functors. Let Lin{C, Ab) denote the category of linear 
reduced functors from C to Ab. In this section we show that if C is a pointed theory 
then the category Lin{C, Ab) is equivalent to the category of modules over a suitable 
ring. 

We begin by providing a number of equivalent characterizations of linear functors. 

Lemma 3.6. Let F : C ^ Ab be a reduced functor. Then the following conditions are 
equivalent 

(1) F is linear; 

(2) S2 = where S2 '■ cr2{F)Ac ^ F is defined in Definition \1.S\ - 

(3) For X, Y E C one has 

(4) For X,Y eC and^ e C{X, Y y Y) one has 

F{V'0 = FirlO+F{rU). 

Proof. By definition, F is linear if cr2{F) = 0. Since S2 '■ cr2{F)Ac — > F we have 
S2 = 0. Conversely, if S2 = 0, by Proposition 11.101 F ~ TiF so F is linear and we 
proved that (1) (2). 

By the short exact sequence fl2.13.4p we have (1) (3). 

By Proposition II. 9[ F is linear if and only if F ~ TiF, so by Proposition 12.141 this 
is equivalent to, G F{Y V Y): F{V^){y) = F{rl){y) + F{rl){y). Applying the last 
equality to y = F{^){x) G FiY V Y) where ^ G C(X, F V F) and a; G F{X), we obtain 
(1) ^ (4). □ 

Proposition 3.7. The abelian group A := {TiU){E) is a ring and TiU{X) has a right 
A-module structure such thatti is A-equivariant (i.e. forX G A andx G U{X), ti{xX) = 
ti{x)ti{\).) 
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Proof. For / G C{E, E) the relation {S^)Ecr2U{f, /) = U{f){S^)E shows that Im{{S^)E) 
is a left ideal of A, and we deduce from the following commutative diagram that 
Ker{ti) = Jm((S'^)£;) is a right ideal, too: 

U{E) U{E) 

ti H 

T,U{E)—rT,U{E) 

Ti{a ) 

where a : E ^ E. Consequently A is a ring. 
For X G C, TiU{X) is a right A-module via 

=ti(/a) 

for / G C{E, X) and a G C{E, E); this is welldefined again by naturality of 5*^. □ 
Lemma 3.8. For F : C Ah a linear reduced functor, F{E) is a left A-module via 

a.x := F{a){x) 

for a G C{E, E) and x G F{E) . 
Proof. By Proposition 12.141 we have 

A = A/lV^e - rli - rli \ i G C{E, EVE)}. 

But 

(V^e - - rlO-^ = - rli-x - r^.x = F{y\){x) - F{rli){x) - F{rli){x) 

= (^(v^o - nrio - nr-im^) = o 

by Lemma 13.61 (4) . 

□ 

This leads to the following definition. 
Definition 3.9. The functor 

§1 : Lin{C, Ab) ^A- Mod 
is defined by §i(F) = F{E) for F G Lm{C, Ab). 
Definition 3.10. The functor 

Ti : A - Mod -> Lin{C, Ab) 

IS defined by Ti(M)(X) = TiU{X) MforMeA- Mod. 

The following proposition connects the functors Si and Ti. 

Proposition 3.11. The functor Ti is the left adjoint of Si. 
The unit of this adjunction is the canonical isomorphism 

um : M ^ AO^M = §iTi(M) for M G A - Mod. 
The co-unit is 

{u'e)x : Ti§i(F)(X) = TiU{X) ^j:F{E) ^ F(X), 

where {u'p)x{ti{f) ® x) = F{f){x) for f G C{E,X), and x G F{E). 

A classification of linear functors is now given as follows: 

Theorem 3.12. If C = {E)c then the functors §i and Ti form a pair of adjoint equiv- 
alences. 
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Proof. It remains to show that the counit is an isomorphism. For F G Lin{C, Ab) the 
source and target functors of u'p are hnear, so it suffices by Proposition 11.171 to prove 
that {u'p)e '■ A^-j^F{E) F{E) is an isomorphism. We have {u'p)E{ti{f) ® x) = 
F{f){x) = ti{f).x so {u'p)e coincides with the canonical isomorphism. □ 

3.3. Classification of polynomial functors of arbitrary degree. Theorem 13.121 
can be generalized to polynomial functors of arbitrary degree; this can be deduced from 
a more general result of Johnson and McCarthy on polynomial functors with values in 
categories of chain complexes [TU [15] , by identifying the category Ab with the category 
of chain complexes concentrated in a given degree. 

Theorem 3.13. Suppose that C = {E)c- Then the group T„f/£;vn(£'^"') has a ring 
structure induced by composition in C, and there is an equivalence of categories 

Sn : Func{C, A6)<„ ^ T„[/i5vn(E^") - Mod 

given by = F{E). 

This result generalizes a similar one for additive categories C due to Pirashvili [19]. A 
simple direct proof of Theorem l3.13l is given in ^U\. Further study of polynomial functors 
could thus be based on this theorem in analyzing the - very complicated - structure of 
the rings TnU{E) and their representations; instead, we follow the basic idea of the work 
of Baues and Pirashvili: according to Proposition 1 1 . 1 71 a polynomial functor F of degree 
n is determined by the values of its cross-effects cri^{F) on [E, . . . , E), 1 < k < n; so we 
seek for minimal extra structure relating them so as to make the correspondance between 
polynomial functors and these enriched cross-effects into a functorial equivalence. 

Inspired by the paper [18] we observe: 

Theorem 3.14. [181 -^^^ ^ ~ (-^)c) the family of functors {TnU^^k, /c G {1, . . . , n}} is 
a family of small projective generators of the category Func{C, Ab)<n- 

This follows from the following proposition together with Proposition 11.41 

Proposition 3.15 (Yoneda lemma for polynomial functors). Let C be a pointed cat- 
egory, F : C ^ Ab a polynomial functor of degree lower or equal to n. Then for 
X G Ob{C) we have an isomorphism: 

y : HomFunc{C,Ab)<„(TnUx, F) ^ F{X) 

natural in F and X , defined by y{(p) = fxi^x)- 

This is an immediate consequence of Proposition [TITO] and the additive Yoneda lemma. 

Remark 3.16. Pirashvili's Yoneda lemma for polynomial functors in [T8] treats the case 
where C is a category of modules over some ring R; instead of the term TjJJx in Propo- 
sition [HUSl it contains the term P„(Hom/j(X, — )), cf. section 2.3 for the definition of 
Passi's functor P„. In fact, a generalization of results in section 8 below shows that if X 
has a cogroup structure in C, then the functors T„f/x and Pn o C{X, — ) are isomorphic. 

3.4. The case of bifunctors. Since cross-effects of quadratic functors are bilinear 
we need an analogue of Theorem 13.121 for bifunctors which goes as follows. Let Bilin 
(C X C, Ab) denote the category of bilinear bireduced bifunctors from C x C to Ab. 

We begin by the following lemma. 

Lemma 3.17. For B : C x C ^ Ab a bilinear bireduced bifunctor, B{E,E) is a left 
A ® A-module via 

{a®^).x := B{a,(3){x) 
for a,f3 e C{E, E) and xeB{E,E). 
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Remark 3.18. Note that TiU{X)®TiU{Y) is a right AoA-module via {ti{x)®ti{y)){a® 
P) = ti{xa) (8) ti{yP); this induces a structure of right A (g) A-module. 

Definition 3.19. The functor 

§11 : Bilin{C x C, A6) ^ A O A - Mod 

is de/^ned by Sii(5) = for B e Bilin{C x C, Ab). 

Definition 3.20. The functor 

Til : A ® A - Mod Bilin{C x C, Ab) 

is defined by Tu{M){X,Y) = {TiU{X) ® TiU{Y)) M for M eK®K - Mod. 

The following proposition connects the functors Tn and Sn. 

Proposition 3.21. The functor Tu is the left adjoint ofBu. 
The unit of this adjunction is the canonical isomorphism 

UM-.M-^ {T^U{E) ® T,U{E)) M 

defined by UM{m) = (ti(l) ®ti(l)) ®m where M e A - Mod. 
The co-unit is 

Mx,Y ■■ Tii§ii(i?)(X,F) = (Tif/(X) ® Tif/(y)) (^j^^j^B{E,E) ^ B{X,Y), 

where (M^)x,y ® ® = B{f,g){x) for f e C{E,X),g G C{E,Y) and x G 

B{E,E). 

The arguments in the proof of Theorem 13.121 are easily adapted to obtain: 

Theorem 3.22. If C = {E)c then the functors Sn and Tu form a pair of adjoint 
equivalences. 

By Proposition 11.201 cross-effects are not only bifunctors but symmetric bifunctors. 
In the following we exploit this supplementary structure. We begin by recalling the 
definition of a symmetric R ® i?-module. 

Definition 3.23. For a ring R, a symmetric R ® R-module is a left R ® R-module M 
equipped with a 'L-linear involution T (i.e. T'^ = Id) such that for r, s G i? and m & M 

T{{r (8> s)m) = (s ® r)T{m). 

A morphism of symmetric R ® R-modules is a morphism of R® R-modules compatible 
with the respective involutions. 

Remark 3.24. A symmetric R ® i?- module is the same as a module over the wreath 
product 

{R0R)lG2 = {R®R)®{R0 R).t 
whose multiplication is defined by 

(ri (g) ra + (si (g) S2).t){r[ O r2 + {s[ O 4).^) 

= {rir[ (g) r2r2 + S1S2 ® S2s[) + {ris[ (g r2S2 + Sir2 (g S2r[).t 
for Tj, r-, Sj, G R and where t denotes the generator of ©2- 

Symmetric R (g i?-modules naturally arise from evaluating symmetric bifunctors. Let 
V:CxC—>-CxChe the canonical interchange functor, V{X, Y) = {Y, X). 

Proposition 3.25. Let {B,T) be a symmetric bifunctor from C to Ab such that B is 
bireduced. Then for E & C, the group B{E, E) is a symmetric A (g A-module where 
if ® 9)^ = B{f, g){x) for f,gE C{E, E) and x G B{E, E), and with involution Te^^.D 



QUADRATIC FUNCTORS ON POINTED CATEGORIES 21 

We thus obtain the following two examples of symmetric R ® -R-modules for suitable 
R which are important in section O 

Corollary 3.26. For a reduced functor F : C Ah, the group F[E\E) admits the 
structure of a symmetric A (g) A-module such that for f,gE C{E,E) and a G F{E\E) 
we have 

{f^g).a := F{f\g)ia) e F{E\E) 

and with involution: 

T^ioi) = {il,,))-'F{TE,E)il,2){<^) e F{E\E). 

Corollary 3.27. For F : C ^ Ah a reduced functor, the group Tii{cr2F){E , E) admits 
the structure of a symmetric A-module, with involution denoted by , such that the 
projection tu : F{E\E) — > Tii{cr2F){E, E) is a morphism of symmetric A^A-modules. 

Conversely, symmetric A A-modules give rise to symmetric bifunctors, as follows. 

Proposition 3.28. Let M be a symmetric A^ A-module with involution T. Then there 
are symmetric bifunctors (T(M),T*^) and (Tii(M),T*^) where 

T^y : (f/(X) ® U{Y)) ®A®A M ^ {U{Y) ® U{X)) ®a^a M 

is given by T^^yif ^ 9 ^ x) = (7®/® Tx for f,g& C{E, E) and x G M , and where 
is given such that ti®ti®id : T(M) Tii(M) is a morphism of symmetric bifunctors, 
in the obvious sense. □ 

Remark 3.29. Similarly assigning (Tii(M),T^) to {M,T) defines a functorial equiva- 
lence between symmetric A ® A-modules and symmetric bifunctors {B,T') from C to 
Ah such that B is bilinear bireduced, but we do not need this here. 

4. Equivalence between quadratic functors and modules over suitable 

ringoids 

In this section, we generalize an approach of Pirashvili in [T8] to obtain an equivalence 
between the category Quad{C, Ah) and the category of modules over a particular pre- 
additive category (or ringoid following the terminology of Baues) with two objects. 
More explicitely we have: 

Definition 4.1. Let TZ be the ringoid having two objects Re and R^e and morphisms: 

Homn{Re, Ree) = T2Ue{E I E) 
HomniRee, Re) =A®A 
End-ji^Re) = A := {T2Ue){E) (as a ring) 
End-jiiRee) = (A (g) A) ? 62 (as a ring); 
the remaining compositions in TZ are given as follows: for a,h,c,d,a, G C{E,E), 
e G C{E,EyE): 

Ml,2)*2«) 



i2{7) Re Ree a(g)b+t{md) 



(4.1.1) t2(7) o = 7a®7/5 

(4.1.2) pfi,2M0°hii) = pl,2M^i) 




(4.1.3) P(i,2)^2(0 o{a®(3)= n^a ® r2^f3 + ® r2^a)t 
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(4.1.4) {a(g>P)o pl^^^hiO = ^2(V(a V P)^ - ar,^ - Pr^O 

(4.1.5) (a ® ^) o (a ® 6 + (c (g) d)t) = aa®^ + Jd®ac 

(4.1.6) {a(dh+{c®d)t)ol = T2UE{a\h){l)+T2UE{c\d){Tl) 
where T is the involution of the symmetric A ® A-module T2Ue{E\E) . 
It follows from Theorem 14.81 below that 7^ is a well defined ringoid. 

Theorem 4.2. If C = {E)c we have an equivalence of categories: 

a : Quad{C, Ab) ^ Func'"^'^{n, Ah) := K-mod. 

The proof of this theorem requires many intermediate results and will only be achieved 
at the end of section 4.3 below. 

4.1. Projective generators of Quad{C,Ab). Applying Theorem 13.141 to quadratic 
functors we see that the category Quad{C, Ab) admits {T2Ue,T2Ue\/e} as a family of 
small projective generators. The following proposition gives a refinement of this result. 

Proposition 4.3. ForC = {E)c, the category Quad{C, Ab) admits {T2Ue,TiUe®TiUe} 
as a family of small projective generators. 

The proof of this proposition relies on the following lemma. 

Lemma 4.4. We have a natural decomposition: 

Ueve = Ue®Ue®Ue® Ue. 

Proof. Let X G C and / G C{E V X), we define: 

crx : UEyE{X) ^ Ue{X) © Ue{X) © Ue{X) © Ue{X) 

by: 

<^x{h) = {h o ii, h o i2, h o ii ®) h o 12) 

for h G C{Ey E,X) and 

Tx : Ue{X) © Ue{X) © Ue{X) © Ue{X) ^ Ue^e^X) 

by: 

rxU. 9, f ® 9') = fn + 9r2 + V^f V g') - f'r, - g'r2 

for f,g, f',g' G C{E,X). We easily verify that tx is the inverse of ax and these maps 
are natural. □ 

Corollary 4.5. There is an isomorphism 

T2UEVE ^ T2UE © T2UE ®TiUe® TiUe 

^ R 

where the injection and retraction TiUe © TiUe ' ? T2Ue\/e O'I"^ given by 

I 

Ix(j®9)=t2iyUy 9)- fri-9r2) 

Rxit2{h)) = hii © hi2 
forX e C, f,ge C{E,X) and h G C{EWE,X). 
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Proof. We deduce from Lemma [4.41 that: 

T2UEVE = T2UE ® T2UE ® T2{Ue ® Ue). 

But 

T2{Ue ® Ue) = Tii{Ue K Ue)A by Lemma O 

= (Ti Ue^TiUe)A by example [HHl 
= TiUe®TiUe. 

□ 

Proposition 14.31 now is a straightforward consequence of Theorem 13.141 and Corollary 

m 

4.2. Gabriel-Popescu Theorem. Recall the following fundamental property of abelian 
categories: 

Theorem 4.6 ([21] Corollaire 6.4 p 103). For any abelian category C the following 
assertions are equivalent. 

(1) The category C has arbitrary direct sums and {Pi}iei is a set of projective small 
generators ofC. 

(2) The category C is equivalent to the subcategory Func°''^'^{V°^, Ah) of Func{V°^, Ah) 
whose objects are additive functors (i.e. functors satisfying F{f + g) = F{f) + 
F(g) where f and g are morphisms of Ham-pop [V, W) ) and V is the full subcat- 
egory of C whose set of objects is {Pi \ i E I}. 

Combining Proposition 14.31 and Theorem 14.61 we obtain: 

Theorem 4.7. For C = {E)c and V the full subcategory of Quad{C,Ab) having as 
objects T2UE and TiUe <S> TiUe, we have an equivalence of categories: 

a : Quad{C,Ab) ^ Func^'^'^{V°P, Ab) := V'^'-mod 

assigning to a quadratic functor F : C Ab the restriction to V of the representable 
functor HomQuad{c,Ab)i-^ 

4.3. The category V"^. The aim of this section is to prove the following result: 
Theorem 4.8. We have an isomorphism of ringoids: 

given on the objects by: 9{T2Ue) = Re and 6{TiUe ®TiUe) = Ree- 

In order to prove this theorem we need the following proposition. 

Proposition 4.9. For F G Quad{C, Ab) there is an isomorphism y fitting into the 
commutative diagram: 

HomQ^ad(cMTiUE ® T,Ue, F) ^--^ F{E \ E) 

R* '(1,2) 

HomQuad(c,Ab)iT2UEvE, F) — ^ F{E V E). 
Proof. By Corollary 14.51 we have a split exact sequence: 

T2UE © T2UE T2UEWE TiUe TiUe 0. 
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Homming into F and using naturality of y in the first variable provides the following 
commutative diagram with exact rows which implies the assertion. 

Hom{T^UE ® Tif/s, F) HomiT^UEyE, ^f^^'flomiT^UE, F) © HomiT^UE, F) 



y 



y 



y®y 



^ FiE I E) ^ FiE V E) ^ FiE) ® F(E) 



□ 



Proof of Theore'm \4.S\ We first determine the morphisms groups of the ringoid V"^. The 
Yoneda Lemma 13.151 provides isomorphisms of groups: 

9^ = y: Homro.iT2UE, T^Ue) ^ T2Ue{E) = 1 

02 = y: Homvov{TiUE ® TiUe, Tsf/^j) ^ TiUe{E) ® TiUe{E) =A®A. 
Proposition 14.91 furnishes isomorphisms of groups: 

03 = y: HomvoviT^UE^T^UE ® T^Ue) ^ T2Ue{E \ E) 

y : Hom-pov{T^UE ® T^Ue, T^Ue ® T^Ue) ^ {T^Ue ® T^Ue){E \ E). 

As TiUe is linear, we have an isomorphism i:A(8)A©A(8)A^ {TiUe ®TiUe){E \ E) 
given by: i(a ®h,c® d) = iia ® + © iic. Thus we get an isomorphism of groups: 

^4 = r^y : Hompo,{T^UE T^Ue, TiUe O TiUe) ^A(g)A©A©A. 

Noting that e^^{t2 a) = a* we see that 6i is a ring isomorphism. In order to compute 
the remaining composition laws in V, we need the following technical lemma. 

Lemma 4.10. Let n > 1, and for k = 1,2 let Ek & C and Sk '■ C ^ Ab be a direct 

Rk 

factor of TnUEk with injection and retraction ^ ^ T^JJe^ ■ Furthermore, let F G 

Func^{C, Ab)<n (^nd Si 5*2 F be natural transformations. Write Xi = yRl{(pi) G 
S2{Ei) and X2 = D^-Ral'/'s) ^ F{E2) and let {I2)ei{xi) = '^j'njtn{aj) be a decomposition 
in TnUE2{Ei) with Uj G Z and aj G C{E2,Ei). Then 



yRl{^2^i) = ^n,F(a,)(x2) G 



Proof. Let (pi = l2fiRi G Hom(TnUEi,TnUE2)- By naturality of y in the second 
variable we have 



y{^i) = yh.i^iRi) = {h)E,yRi{vi) = 



whence 

(4.10.1) ifi = ^njt 
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since y(tn{aj)*) = tn{oij). Now consider the following diagram: 



Hom{S2,F) - 

Hom{TnUE,,F) 
y 



^Hom{Si,F) 

Hom{TJJE,,F) 
y 



F{E2 



F{E,). 



The upper square commutes by definition of (pi while the lower square commutes by 
14.10.11 and naturality of y in the first variable. The desired formula follows applying 
commutativity of the exterior rectangle to G Hom{S2, F). □ 

In a first step we postcompose endomorphisms of TiUe ®TiUe by other maps in V. 
By the isomorphisms 64 and 63 and by 12.13.61 it suffices to consider maps: 



TiUe ® TiUe 




T2UE 



such that: 



L{ak®hk,Ck®dk) = iiak®i2hk+i2dk®iiCk e TiUe{,E\/ E)®TiUe{E\/ E) 
for k E {1,2} and a^, 6^, Ck-, dk G C{E, E), and such that: 



yR*{ip'2) = ^?1,2)P(1,2)^2(0 = t2{^ - - I2r20 ^ T2U e{E V E) 



for ^ e C{E,Ey E). Then: 
Ieve{xi) = t2(y{iiai V i2bi) - iiain - i2&i?^2) + t2(V(i2'ii V iiCi) - 22C?in - «iCir2) 
= t2{ai V 61 - ZiaiTi - i2hir2) + t2((ci V (ii)r - i2diri - iiCir2). 

Applying LemmaEifor Ei = E2 = EVE, Si = S2 = F = T^Ue^TiUe, = R2 = R 
and Ii = I2 = I we get (omitting all terms being trivial since rii2 = = r2ii)): 

yR* {if 2fi) = (ti (g) ti)((ai V bi)iia2 ® (ai V 6i)i2&2 + (oi V &i)i2'^2 ® (oi V bi)iiC2 
+ (ci V di)Tiia2 ® (ci V di)Ti2h2 + (ci V c/i)ri2C?2 ® (ci V di)TiiC2) 

= (ti (g) ti)(2iaia2 ® i2&l&2 + ^2&lrf2 ® iiaiC2 + ^2^10.2 ® ^lCl62 + ilCld2 (8 «2rflC2) 

= 6(ti ® ti)(aia2 ® feife2 + Cid2 (S) diC2, aiC2 ® &ic?2 + C162 ® ^102) 

= ?((ar® ^i,cr(8) di) (a^(g) 62, C2 ® '^2)) 

where * denotes the wreath product structure onA(8)A©A®A = A®A©(A® A)t. 
This shows that 64 is a ring isomorphism: 64 : End-popiTiU e ® TiUe) ^ (A ® A) ^ ©2. 
Next, again by Lemma HH for Ei = E2 = E y E, Si = S2 = TiUe ® TiUe, F = T2UE, 
Ri = R2 = R and Ii = I2 = I and omitting all terms being trivial: 

yR*{Lp'2fl) = T2UE{ai V &l)'^(i,2)P(l,2)^2(0 + ^2(-^iai'^l^ + kairi^ - Z2&l'^2^ + «2&l'"20 
+T2Ue{Ci V rfl)T2f/ij(T).Ji_2)P(l,2)^2(0 

+t2(-«2C?i'"i^ + i2diri^ - iiCir2^ + iiCir20 



'-(1,2)- 



^2^/^(01 I 6l)P(i,2)i^2(0 + ^a,2)^2t^B(Cl I rfi)Tp^i 2)^2(0 



(1,2)- 



'(1,2)' 
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whence 

9,{vT o v7) = o,{v7) o Osi^n by MM 

Next consider maps 

T2UE 



^2 



f'2 

T,Ue ® T,Ue 

such that: 

xi = yR*{(pi) = i(i,2)P(i,2)^2(0 = t2{^ - hri^ - i2r20 
for ^ e C{E, EWE) 

X2 = yi^2) = hia) and X2 = 3^(v?2) = a /5 

for a, /3 e C{E, E); again this suffices by 12. 13. 6[ Applying Lemma SHU] for Ei = EV E, 

E2 = E, Si= TiUe ® TiUe, 82 = F = T2UE, Ri = R,h = I and = R2 = Id we get: 

yR*{V2Vi) = T2f/i5(0(t2«) - T2UE{iiriO{t2a) - r2f/i5(22r20M) 
= h{,ioi - iiTi^a - i2r2^a) 

= ''?i,2)P(l,2)^2(^tt) 

whence 

OsivT o V2"n = OsivT) o ^i('^2°^) by SXl 
Next applying Lemma EU] for Ei = EVE, E2 = E,Si = F = TiUe^TiUe, S2 = T2UE, 
Ri = R, Ii = I and I2 = R2 = Id we get 

yR*{^'2^i) 

= {TiUe{0 ® nUEiO - TiUEinni) ® nUEinriO - TiUE{i2r20 ® T,UE{i2r20)ia ® 'P) 
= {h ® ti){^a ® - iiri^a (g) iin^P - 22'^2^a ® i2r2^P) 

= {ti ® ti){{iiri + i2r2)ia ® {iiVi + i2r2)^P - iiVi^a (g) iiri^/3 - i2r2^a (g) i2r2^P) by Lemma ES] 
= (^1 ® ^i) (^i^^i^a ® i2r2^P + i2r2^a (g) 
= l{riC,a (g r2^/?, (g r2^a) 
whence 

^4(^r ° V2"n = OsivT) o e2{v7) by ra 

Now, consider diagrams 

mE ® t^Ue 

•fi2 



T2UE^mE®mE 

v'2 

'T2UE 

such that: 

xi = y{(pi) = a(g^GA(gA 
X2 = yR*{ip2) = ka (g 22& + i2d (g iic = i(a (g 6, c (g rf) G TiU{E V (g rif/(E V 

x', = yR*{v>'2) = tl^2)pl,2M0 
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for a, 13, a, b,c,de C{E, E) and ^ G C{E, EW E). We have: 

Applying Lemma WM for Ei = E, E2 = E V E, Si = T2UE, S2 = F = T^Ue ® TiUe, 
Ii = Ri = Id,R2 = R and I2 = I we get: 

3^((^2¥^i) = (Ti[/^(V(aV/3))®Tif/s(V(aV/3)))(x2)-(Tif/^(ari)®Tit/s(ari))(x2) 
-(Tif/s(/?r2)®rif/s(/?r2))(x2) 
= (ti ® ti)(V(a V /3)iia ® V(a V P)i2b + V(a V p)i2d ® V(a V p)iic 
= {ti®ti){aa® (3h + (3d® ac). 

Hence 

Applying Lemma EO] for Ei = E, E2 = E W E, Si = F = T2UE, S2 = TiUe ® TiUe, 
Ii = Ri = Id,R2 = R and I2 = I vfe get: 

3^((^'2<^i) = T2UE{V{a V /5))(t2(e - ^iri^ - ^2^20) - T2UE{an){t2{C - - i2r20) 
-T2UE{pr2){t2{i - imi - i2r2i)) 
= t2{V{a V (3)^ - arii - /3r2^ - ari^ + ari^ - /?r2^ + /3r20- 



Thus 

Finally, let 
such that: 



(^f o ^'/o = ^2 (^D ° ^3 {}pT) by m 



T2f/B — T2UE — Tif/s ® Tit/i, 



a^i = 3^(v^i) = ^2(7) and X2 = y [s^2) = ol ® (3 
for a,/5,7 e C{E,E). Then: 

3^((v^2V5i) = (rif/£(7)®Tif/z,(7))(«®;5) =7«®^ 

whence 

02 i^T o^2"n = 0i{vT)° 02 {V2"n by imi 

□ 

Proof of Theorem "JTE. Combining Theorem 14.71 and Theorem 14.81 we obtain the result. 

□ 

Remark 4.11. Applying the ideas of this section to linear functors we find again Theorem 
13.121 since, in this case, the full subcategory V of Lin{C, Ab) having the single object 
TiUe is equivalent to the ring (A)°p = End-p(TiUE)- 

4.4. The category TZ-mod. In this section, we give a reformulation of the structure of 
an 7^-module that motivates the introduction of quadratic C-modules in section |5l 

Lemma 4.12. An TZ-module M : TZ ^ Ab is equivalent with the following data: 

(1) a left A-module M^; 

(2) a symmetric A ® A-module Mee (with involution denoted by T); 

(3) a map of A-modules 

p : (A (g) A) _ ® Mee Me 
{A®A)iS2 



where the structure of right {A® A) I (52-module on A® A is given by 4-1-5 , and 
the structure of A-module on A® A is given by the diagonal action; 
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(4) a map of symmetric A ® A-modules 

h : T2Ue{E \E)®Me^ M^e 

A 

such that for a,(3 & C{E,E), € C{E,E V E), a G Me and m G M^e the following 
relations hold: 

(RMl) t2(V(a V (3)^ - avi^ - /SrsOa = p{a ® Hpti,2M0 ® a)) 

{RM2) hipf^ ^MO ®p{a®p(» m)) = ® V^)m + r2^a)Tm. 

Proof Given F G :^-mo(i, let Me = i^(i?e), Mee = F(i?ee), p(a®^®m) = F(a(g)^)(m) 
and (S> a) = F(,^)(a) where ^ = P(i 2)^2(0- Then the relation (i?Ml) corresponds to 
the relation F{(a (g) ^) o = F(a O ^) o in fact: 

F((a®;5)0(a) = F(V(aV/3)e-arie-/5r20(a) bySXl 
= t2(V(a V/5)^-ari^-/?r20a 

while 

F{a^p)oF{0{a) = F(a ^P)h{^ a) 

= p(a (g)^(g) a)). 

Similarly, the relation (i?M2) corresponds to the relation: F(^o (a®/?)) = F(^)oF(a® 
In fact: 

F(|o (a®;5))(m) = F(F^®7^+{V^®V^)t){m) 
= (ri^a (g) r2^P)m + {ri^P ® r2^a)Tm 

while 

F{i) o F(a^]3){m) = F{i)p{a ® m) 

= m)). 

□ 

5. Quadratic C-modules 

In this section we introduce quadratic C-modules which generalize to any pointed 
category C the quadratic Z-modules considered by Baues in [T] for C = Ah. We show that 
quadratic C-modules constitute a minimal description of 7?.-modules, and thus of reduced 
quadratic functors from C to Ah if C is a theory generated by E. We make the functor 
from quadratic functors to quadratic C-modules explicit; a canonical inverse functor, 
however, is more difficult to exhibit, and is provided in section 6 by the construction of 
a quadratic tensor product. 

5.1. Quadratic C-modules. 

Definition 5.1. (Proto-quadratic C-module) A proto- quadratic C-module relative 
to E is a diagram of group homomorphisms: 

M = {Tn{cr2U){E,E)®^M, ^ M,, ^ M,, ^ M,) 

where 

• Me is a left A-module; 

• Mee is a symmetric A ® A-module with involution T; 
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• P : — > Me IS a homomorphism of A-modules with respect to the diagonal 
action of A on M^e, i-e. for a G C{E^ E) and m G Mg^: 

and satisfies PT = P; 

• H is a homomorphism of symmetric A-modules such that for ^ G C{E, EM E) 
and a G Mg the following relation holds: 

(QMl) (V^Oa = {rl^ci + {rli)a + P{H(piM ® «))• 

Remark 5.2. By Proposition 12.141 condition {QMl) implies that coker{P) is a A-module. 

Definition 5.3. (Quadratic C-module) A quadratic C-module (relative to E) is a 
proto- quadratic C-module (relative to E) as above satisfying the additional property that 
for ^ G C{E, EVE) and m e M^e 

(QM2) H{pl2 (0 ® P^) = (rf^ ® (m + Tm) . 

The intermediate notion of proto-quadratic C-module is justified by the fact that it 
suffices to give rise to quadratic functors via the quadratic tensor product; however, we 
show in Theorem 16.171 below that a proto-quadratic C-module satisfies relation (QM2) 
iff the cross-effect of the associated quadratic tensor product is Tii(Mee), see Theorem 

Km 

Remark 5.4. Suppose that E admits a comultiplication fi : E ^ E \/ E in C admitting 
the zero map E ^ as a. counit. Write /i' = {l^^ 2))~^ if'' ~ ~ ^2) ^ cr2U{E,E) and 
a» P = {a,j3)fi for G C{E,E). Then taking ^ = (a V relation (QMl) implies 
that 

{a»P)a = aa + pa + P{H{tn{i^fi,2)y^{ia\/ {ay P)il- {ay P)il) a)) 

= aa + I3a + P[{a®l3)H(Jjil ®a)) 

by A (g) A-linearity of H . This shows that {QMl) is a generalization of the distributivity 
law {a -t- I3)a = aa + [3a + P{{a ® (3)H{a)) in the case where C is an additive category 

[T]. In particular, H and P are generalizations of the second Hopf invariant and the 
Whitehead product [id, id] , respectively. 

Moreover, taking ^ = in relation {QM2) shows that under the above assumption 
T is determined by H and P, as 

T{m) = H{pi2{f^) ® Pm) — m 
= H{fi' (S> Pm) — m. 

This generalizes the formula T = HP — 1 in [1], [1], cf. the case where £' is a cogroup 
considered in section 7. In general, however, T is not determined by H and P, as is 
illustrated by the following "extreme" example. 

Example 5.5. Suppose that C and E are such that C{E, E M E) = i\^C{E, E) U 
i\^C{E,E). In particular, this holds when C is the category T of finite pointed sets 
and E = \l\ = {0, 1} is its canonical generator. Then U{E\E) = by ^2.13.1^ , whence 
A = A and the domain of H is trivial. Thus a quadratic C-module relative to E is a 
diagram 

M = (Mee ^ Mee ^ M,) 

satisfying the properties in Definition I5.il which do not involve H ; in fact, the relations 
{QMl) and {QM2) are trivially satisfied. Together with Theorem \ 7. 1\ this reproduces 
a description of quadratic functors from T to Ah which is a particular case of results 
obtained in [2U] . 
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Remark 5.6. In view of the isomorphism in Proposition 12 . 1 61 the map H in the definition 
of a (proto-) quadratic C-module can be replaced by a group homomorphism: 

H : U{E V E) Oa M^e 

satisfying the following relations for a, /3 e C{E, E), ^ e C{E, Ey E),-f e C{E, EyEV 
E), a e Me: 

(i/i) H{{a V ® a) = (a ® P)H{^ ® a) 

{H2) ^ H{T^(g)a)=TH{^^a) 

{H3) H{ila ®a) = H{ila ® a) = 

{H^) H{{V^V Id-rfy Id-rjy Id)-f^a) = 

(H^) H{{Id yV^ - Idy rl- Idy rl)-i ® a) = 0. 

In fact, {Hi) translates the fact that is a morphism of A(S)A-modules, (-^2) corresponds 
to the fact that is a morphism of symmetric modules, and (-^3), (-^^4) and (-f^s) 
correspond to the fact that the source of H is (Tii(cr2 ([/))(£', E) ^/^M^, see Proposition 

In the following proposition we give a useful equivalent formulation of condition 
(QMl). 

Proposition 5.7. Relation {QMl) means that the following diagram commutes 



Mee M, 



Me 



U{E\E) ®A M, — ^ U{E) ®A M, 



where He is the canonical isomorphism and S2 the map given in Definition \1.8[ 

Proof. We have, for ^ e C{E, E y E) 

fie{S^ ® 1){pI^ 2)(0 ® a) = /ie(t^(V2)i2^ 2)P?i 2) (0 ® a) by definition of inOl 

= /Xe(?7(V2)(/d - tl o rf^ - tl o r2j(0 ® a) by EM 
= f^e{{U{V'){0-rl{0-rl{0)^a) 
= fi,{{V^^ - rl^ - rU) ® a) 
= {V'Oa - {rli)a - {riOa. 

So the diagram commutes if and only if for all ^ and a 



P{H{pUO ® a)) = (V^O^ - {rfOa - {rli)a. 

□ 

Definition 5.8 (Morphisms of (proto)-quadratic C-modules). A morphism : 
M M' of (proto) -quadratic C-modules relative to E is a pair cf) = {(j)e,4>ee) where 
0e '■ Me —>■ Mg is a morphism of A-modules and (pee '■ ^■^ ^ morphism of 

symmetric A ^A-modules which commute with the structure maps H, T and P. 

Composition of morphisms of (proto)-quadratic C-modules is defined in the obvious 
way. This allows to give the following definition. 

Definition 5.9. The category PQMod^ (resp. QMod^) is the category having as 
objects the proto- quadratic C-modules (resp. quadratic C-modules) and as maps the 
morphisms of proto- quadratic C-modules (resp. quadratic C-modules). 
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Remark 5.10. There is a fully-faithful functor Ji : A-Mod QMod^ given by 

/i(M) = {Tii{cr2U){E, ®A M ^ M). 

In fact, Ii{M) satisfies {QMl) as M is a A-module, and {QM2) is trivial. 

5.2. Equivalence between 7^-modules and quadratic C-modules. The aim of this 
section is to prove the equivalence between 7?.-modules and quadratic C-modules. We 
begin by recalling the following notation. 

Notation 5.11. If M is an abelian group equipped with an involution t, we denote by 
the coinvariants of the action of the symmetric group ©2 on M given by t, i. e. 
= M/{l—t)M . Furthermore, we denote by n : M ^ the canonical projection. 

Lemma 5.12. Let M be a symmetric A (g) A-module with involution T. There is a 
natural isomorphism of groups: 

X : ( A ® A) _ ® M ^ 

{A®A)iS2 

defined by: 

xia ® 13 ®m) = 7r((a ® (3)m). 
Proof. X is well defined since 

6+ (c(g)rf)t) (g)m) = ® ^ + ^ ® «c) (g) m) bv l4X5l 

= ® /3b)rn) + n{{l3d ®ac)rn) 

= Ti{{mi®]3h)m) + Ti{T(jM®ac)m) 
= n{{(M<S) Pb)rn) + Tc{(ac® l3d)Trn) 
= n{{cm0 (3b+ {ac® (3d)t)ni) 
= 7r((a (g)/5)(a(g) 6+ (c(g) rf)t)m) by UTS] 
= x(a (g) (a® 6+ (c(g) rf)t)m). 

Let x' : ^ (A ® A) _ ® M given by: x'{^) = T ® T ® m. Then: 

(A®A);S2 

x'{Tm) = 1 (g) 1 (g) Tm 

= T®T® ((T®T)tm) 

= (T®T)(T®T)t Om 

= (T (g) T) (g) m by 14.1.51 

= x'M 

whence x' factors through Mq^ and provides an inverse map of x- D 

Theorem 5.13. There is an equivalence of categories i) : TZ-mod QMod^ defined, 
using Lemma [4-i^ by 



where H = h o (cr2(t2) ® 1) O'nd where P = Ptt with P : (Mee)s2 ~^ such that 
Px = p. 

The proof of this theorem relies on the following lemma. 

Lemma 5.14. Let M G PQMod^ . Then the A-module structure on Me factors through 
1. 
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Proof. Let if : A End{M^), ip{\){a) = \a for (A, a) G A x Mg. Then for ^ G 
C{E,Ey E), we have: 

c'^2(<^)P(i,2)(0(«) = (V0« - - (^20« 

= PH{hipl^,){0®a) by(QMl) 

= ^(^llP(l,2)(0)(«) 

where (p : Tiicr2U{E, E) — > End{Me) is given by 

(^(x)(a) = Pff(x (g) a). 

Thus, cr2{(p) = (ftn, whence is a quadratic map (cf. section [^75]) . Now the assertion 
follows from Proposition 12.101 □ 

Proof of Theorem \5.13[ Let Me be a A-module and Mee be a symmetric A (g) A-module. 
First note that by Lemma 15.141 Me actually is a A-module if Me and M^e are part of a 
quadratic C-module. In view of Lemma [5.121 the data of a morphism of A-module p is 
equivalent with the data of a A-equivariant morphism P : Mee such that PT = P. 

Moreover, a morphism of symmetric A A-modules h : T2U{E \ E) ®\ Me —>■ M^e is 
equivalent with a morphism of symmetric A C?) A-modules H : Tii{cr2U){E, E) (8>A^e ^ 
Mee in view of the isomorphism of symmetric bifunctors: 

cr2(t2) : Tii{cr2UE) cr2{T2UE) 

given in Theorem 12.51 Thus it remains to show that for = 1,2 the relations (RMk) 
and (QMk) are equivalent. This is based on the following relations for a, /? G C{E, E), 
e G C{E,Ey E). 

(5.14.1) ^(i,2)P(i,2)((«V/5)0 = (aV/?)e-2iri(aV/5)e-22r2(«V/5)e 



(5.14.2) = (a V /3)e - ziari^ - Z2/9r2e 

(5.14.3) = (a V /?)e - (a V /?)iirie - (a V /3)i2r2e 

(5.14.4) = UE{ay pyl^2)Pli,2){0 

(5.14.5) = ^?i,2)f/£;(«l/?)P(i,2)(0- 



Now consider (i?Ml). On the one hand, we have 

t2(V(a V (3)i - arii - (3r20x = t2(V(a V (3)^ - ri(a V f3)^ - r2{a V /5)0a; . 
On the other hand: 

p(a®^®/i(pji_2)t2(0®a;)) = P((a ® ^)/i(t2P(i,2)(0 ® a;)) 

= P/i(T2f/i=;(a I /5)t2P(i,2)(0®a;) 

since /i is (A (g) A) ? 62-equivariant, and by 14.1.61 thus 

p(a®/3® /i(pji^2)^2(0 ®a;)) = Pi^(tiipji^2)((" V /3)0 ® a;) bv 15.14.51 

Hence (PMl) is equivalent with (QMl). To see the equivalence between (PM2) and 
(QM2), just note that: 

h{pl,2M0 ® p(a ® ^ ® m)) = (tiiP(i,2)(0 ® ^((« ® ^)"^)) 

while 

(rii^o; ® r2^/9)m (ri^/3 ® r2^a)Tm = (ri,^ ® r20((tt ® /3)"^) + (^i.^ (8> r2.^)T((a (g) /5)m). 

□ 
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5.3. Quadratic C-modules obtained from quadratic functors. We here provide 
an explicit construction of tlie composite functor 

§2 : Quad{C, Ab) n-mod — QMod^ . 

Lemma 5.15. For F G Quad{C,Ab) there exists a natural transformation of functors 
: (Tii(cr2f/) F{E))Ac (cr2-F)Ac such that the following natural diagram is 
commutative for X & C: 

Tn{cr2U){X, X) ®a F{E) ''-^ F{X\X) 

cr2{u'p))x 

U{X\X) ®kF{E). 

Proof. Recall that the cross-effect of a quadratic functor is a bilinear bifunctor. Hence 
the existence of follows from the universal property of tn. 

□ 

Proposition 5.16. For F G Quad{C,Ab) we have 

§2(F) = {Tu{cr2U){E, E) ®a F{E) F{E\E) F{E\E) ^ F{E)) . 

Checking this is straightforward going through the various definitions involved in the 
construction of a and 9. 

The following proposition formalizes the fact that §2 extends the functor Si. 

Proposition 5.17. The following diagram is commutative 

Quad{C, Ab) QMod^ 

h 

Lin{C, Ab) A - Mod 

where Ii is the functor defined in Remark \5.1(A 

6. Quadratic tensor product 

The left adjoint of the functor S2 : Quad{C, Ab) QMod^ is given by a con- 
struction which we call the quadratic tensor product. In fact, a special case of a 
quadratic tensor product first appeared in [T], providing a left adjoint of a functor 
Quad{Ab, Ab) QMod{'L) is defined explicitely by generators and relations; here 
QMod{'L) is the category of quadratic Z-modules. Similarly, in [3] a left adjoint of 
Quad{Gr, Gr) Square is constructed by generators and relations; here Square is 
the category of square groups (see also section [8781) . In this paper, however, we give a 
more conceptual construction of the quadratic tensor product, by means of a push-out 
diagram, in our general setting. We expect to generalize this construction to polynomial 
functors of higher degree. A description of our quadratic tensor product in terms of 
generators and relations is nevertheless provided generalizing the constructions in [1] 
and [3] . We then compute the quadratic tensor product E ® M for M G QMod^ and 
the cross-effect of — ® M which are two essential tools in the proof of our main theorem 
in section [71 
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6.1. Definition. We start with the following straightforward lemma. 

Lemma 6.1. // is a symmetric A ® A-module with involution T and X E C, the 
group M = ((Tif/)(X) (g) (TiU){X)) (8>a®a is equipped with an involution t defined by 

t{x ®?/®n) = ?/®x® T{n) 

for x,y e {TiU){X) andneN. 

To define the quadratic tensor product, we need to consider the coinvariants by the 
action of the symmetric group ©2- 

Definition 6.2. (Quadratic tensor product) Let M be a proto- quadratic C-module 
relative to E and X E C. The quadratic tensor product X ® M E Ah is the push-out of 
the following diagram of abelian groups: 

{{U{X) ® U{X)) ®A^A U{E\E) ®A Me) © (f/(X) ® Mee) '^=^'^"''''''1 {T2U){X) ®a 



(((Ti[/)(X) ® (Ti[/)(X)) ®A0A Mee)e2 : X (g) M 

where -^i = 7r(ti » ti i7(tn ® 1)), 6{f) = (ti/) ® (ti/) for f eC{E,X) and Mf ® 
g®x®a)= t2S^U{f\g){x)®a for f,ge C{E,X), x G U{E\E) and a G M^. 

In the following proposition we give a description of the quadratic tensor product 
X ® M by generators and relations. 

Proposition 6.3. Let M be a proto- quadratic C-module relative to E and X G C. The 

quadratic tensor product X ® M E Ab is the abelian group generated by the symbols 

f®a, / G C(E,X), a G Me 
[f,g]®m, f,geC{E,X), m e M,, 
subject to the following relations: 

(1) (//?) ®a = f® {13a) for 13 G C{E, E) 

(2) f ®{a + h) = f ®a + f ®h 

(3) (1, 1, l)e®a-(l, 1, 0)e®a-(l, 0, l)e®a-(0, 1, l)e®a + (l, 0, f))i®a+ (0, 1, 0)^® 
a + (0, 0, 1)^ ® a = for ^ e_C{E, X V X V X) 

(4) [fa, g(3](S)m= [/, g] ® {a ® (3)m for a,l3e C{E, E) 

(5) [/, g\®{m + n) = [/, g] ® m + [f, g]® n 

(6) [^m.g] ®m= [rl{i),g] ®m+ [rl{i).9] ® m for i e C{E,X y X) 

(7) [f,g]®m=[gJ]®T{m) 

(8) [fJ]®m = f®P{m) 

(9) {f,9)l®a = frl^®a + grl^®a+[f,g]®H{tnpl^2)h)®a) for 7 G C{E,EyE). 

Proof. The symbol f ® a corresponds to a generator of U (X) ©a Me and [/, g] ® m 
corresponds to a generator of {U{X) U{X)) ®ais,a ^ee- 

For the elements f ® a, relation (1) corresponds to the fact that the tensor product 
is taken over A, (2) translates the linearity in Mg, (3) corresponds to the fact that the 
element / ® a is in T2U{X) ®a Me where we use Proposition 12. 17l which describes T2E 
as a quotient of F. 

For the elements [/, g] ® m, (4) corresponds to the fact that the tensor product is 
taken over A® A, (5) translates the linearity in Mee, (6) (also using (7)) corresponds to 
the fact that the element [f,g] ® m lies in ((Tif/)(X) ® {TiU){X)) ®A(giA Mee, and (7) 
translates the fact that we take the coinvariants by the action of ©2- 

Finally, (8) and (9) correspond to the fact that the diagram in Definition 16.21 is a 
pushout. □ 
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Lemma 6.4. The quadratic tensor product X ® M is equal to the pushout H of the 
following diagram of abelian groups 



{{TiUX ® TiUX) Tu{cr2U){E, E) ® Me)e^ © {UX Mg, 

A®A A 
V;=(V^,7r(5(gil)) 
{{TiUX TiUX) ®A^A Mee)e2 



=W^l,t20P) rj^^jjx ® Me 
A 



where UX := U{X), TiUX := TiU{X) for i e {1,2}, ipi ^ 1 ® 1 ® H and (p[ is the 
following composite map: 



{TiU{X)®TrU{X)) 0A^ATnicr2U)iE,E) - - - - ^T^UiX) 



I®l®cr2(t2) 



{TiU{X)®TiU{X)) (g) cr2{T2U){E,E) 

A(giA 



cr2{T2U){X,X). 



cr(T2t/) 



Proof. We have the following surjection 



{UX®UX) ® U{E\E)®M^^^l^!l^^ll^{{{TiU)X®{T^U)X) ® Tn{cr2U){E, E) ^ Me)e^ 

A(g)A A A(giA A 



which verifies 



^1 = Ti{ti ® ti O H{tn ® 1)) = 7r(l O 1 (g) H){ti ®ti® tn O 1). 



We first check that 01 = {(f)[ ® l){ti ® ® tu ® !)■ For /, ^ e C{E, X) and x e U{E\E) 
we have: 



= S2^^cr2{T2U){f,g)cr2{t2){x) by definition of ^^^^(TaC/) 

= (TsC/) (V')i^i,2)Cr2(T2C/) (/, ^)cr2(t2) (x) by definition of Sj'"" 

= (r2C/)(v^)(r2C/)(/V5)t2iJi,2)(^) 

= t2U{V')U{fyg)Ll^,^{x) 

= i2 ^2''WI^)(^)- 
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It remains to check that factors through the coinvariants, that is 0'i(^i(/) ® ^i(fl') ® 
tux) = (f)[{t{ti{f) 0ti{g) ®tnx)). We have: 

(p'Mhif) ® h{g) ® tux)) = <p[{tiig) ® ti(/) ® tuitl,2))~'Uir)Ll^^^x) 

= t2 5'^f^(fi'|/)('-^i,2)) "'^^(''")('-(i,2)^) t>y the previous calculation 

= t2 f/(V2).?i,2)f/(^?l/)(^(l,2))"'f/M(^(l,2)^) 

= h U{V^)U{g V /)^?i,2)(^?i,2))"'t^W(^(i,2)a:) 

= t2U{V^)U{gy f)U{T){il^,^x) 

= t2U{V')U{T)U{fWg){il^,^x) 

= t2 U{V\)U{f y g){Ll^,)x) 

= t2U{V')U{fWg){Ll^,)x) 

= t2 U{V')il,^U{f\g){x) 

= t2 S^U{f\g){x) 

= <P'i{ti{f)^h{g)^tiix). 

□ 

6.2. The quadratic tensor product defines a quadratic functor. The aim of this 
section is to prove the following result. 

Proposition 6.5. For M G PQMod^ the functor given by the quadratic tensor product: 
— ® M : C Ah is a quadratic functor. 

The proof of this proposition relies on the following lemma. 

Lemma 6.6. For M a proto- quadratic C-module, the following natural transformation 
of functors from C to Ah is surjective: 

cr2(0) : cr2((((Tif/(-) ® Tif/(-)) ®a^a Mee) Ac)eJ ^ cr2(- ® M); 

here is the map in the push-out diagram in Definition \6.^ 

Remark 6.7. In Theorem 16 . 1 71 below we give an improved version of this lemma. 

Proof of Lemma \6. (A To simplify notation we write Tii(Mee)Ac instead of {{{TiU){—)® 
(Ti [/)(—)) ®A®A ^ee)Ac. Recall that the functor Tn is the functor defined in 13.201 
By the universal property of a push-out, we obtain the existence of a map / : X®M 
coker{(j)) making the following diagram of abelian groups commutative: 

[UX ® UX) ®A®A U{E\E) ®A Me © f/X ® Mee — {T2U){X) ®a M, 




We deduce the existence of a natural exact sequence 

(6.7.1) (Tn(Mee)Ac)e2(^) ^ X ® M ^ coA;er(0) ^ 0. 

In the sequel we show that the functor coker{(f)) is linear. Recall that 0i = 
ti ® til) ® 1 where (8) ti ® tii))x is given by the following composition: 
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(f/(X) ® f/(X)) ®A^A U{E\E) — cr2(T2?7)(X,X) — (T2f/)(X) 
where a = «^2(T2t/))^:^(l ® ^ ® cr2(t2))(ti ® ti ® tn). 

The functor T2U is quadratic by definition of T2, so cr2{T2U) is a bihnear functor, and 
so is {TiU{-) (g) Ti[/(-)) (8)A(g,A cr2{T2U){E,E). Since {u'^r{T2U))E,E is an isomorphism 
according to Theorem 13.221 we deduce by Proposition 11.181 that (^^^{Tai/)) ^ natural 

equivalence and {u'^^^j,^jjs^)x,x is an isomorphism. Furthermore cr2(t2) and ti ® 

ti ® til are surjective by construction. It follows that 

cofcer((0i)x) = coker{{Sl-'')x) = Ti{T2U){X) 

by Proposition 11.91 

Since /m(0i) C Im{(f)) we see that coker{(j)) is a quotient of coker{(j)i) = Ti{T2U) ®a 
Me which is a linear functor. Thus coker{(j)) is a linear functor by Proposition 11.71 But 
the cross-effect functor is exact by Proposition II. 5[ so applying it to sequence f l6.7.ip 
shows that cr2(0) is pointwise surjective. 

□ 

Proof of Proposition 1 6'. 5\ The functor Tii(Mee) is bilinear and bireduced, so by Lemma 
12.6^ Tii(Mee)Ac is quadratic. By Proposition 11.121 we deduce that (Tii(Mee)Ac)e2 
is quadratic. Consequently cr2((Tii(Mee)Ac)s2) is bilinear. Since cr2(— ® M) is a 
quotient of cr2((Tii(Mee)Ac)s2) by Lemma 16^ the functor cr2(— ®M) is also bilinear, 
so — ® M is quadratic. 

□ 

Proposition 16.51 leads to the following definition. 

Definition 6.8. The functor 

T2 : QMod^ Quad{C, Ab) 

is defined as follows: for M G QMod^ let T2(M) = — (8> M, and for a morphism of 
quadraticC— modules (0e, (pee) : M ^ N letT2{(f)e, (pee) = where ipx '■ X(^M X(^N 
is given by the universal property of a push- out. 

Remark 6.9. The functor T2 extends the tensor product functor Ti in the following sense: 
it improves the approximation of a quadratic functor F by u' : T2?7(— ) ^xF{E) — > F by 
taking into account the cross-effect of F in "amalgamating" T2U{X) ®a F{E) with the 
image of F{X\X) under We expect that this idea can be extended to polynomial 

functors of higher degree. 

Remark 6.10. Since the functor — ®M is quadratic by Proposition 16.51 the computation 
of (- (g) M)(E^") for n > 1 reduces to computing (- (g) M){E) and cr2(- ® M){E, E), 
see Proposition 11.41 

6.3. Computation of the quadratic tensor product E®M. In section [TJ in order 
to obtain the desired equivalence between quadratic functors and quadratic C-modules, 
we need to compute E ® M for M G QMod^, as follows. 

Proposition 6.11. For M G PQAdod^ , there exists a natural isomorphism of abelian 
groups 

E®M^Me. 

In order to define this isomorphism we need the following lemmas. 
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Lemma 6.12. For M G PQMod^, there exists an isomorphism /ig : (T2f/)(-E)®A^e 
Me making the following diagram commutative 



U{E) 



{T2U){E) ®kM, 

where /ig is the canonical isomorphism. In particular, the map ^2 ® 1 is an isomorphism. 

Proof. To prove that JI^ exists we have to prove that He{Ker{t2®'i)) = 0. By Proposition 
12.131 we have 

T2(F) = coker{ker{cr2F{X\X) ^ {Tucr2F){X\X)) ^ F{X)). 

So we have ker{t2) = S2 {ker{tii)) and 

He{ker{t2 ® 1)) = /ie(S^ ® l){ker{tii) ® M^) = PH{tn ® Id){ker{tn) ® M^) = 

where the second equahty is given by Proposition 15.71 

Since 1 is surjective and fie is an isomorphism we deduce that JI^ is an isomorphism. 
As a consequence we obtain that ^2 ® 1 is also an isomorphism. 



Lemma 6.13. For M G PQAdod^ , there exists a morphism P : (Mee)e2 
the following diagram commutative 



□ 

Me making 



Me, 



Me 




(Mee)e2 

Proof. This is due to the relation PT = P in Definition 15.31 
Lemma 6.14. There exists an isomorphism 

JITe ■■ {{TiU){E) O {TiU){E)) Mee) 
making the following diagram commutative 

mU){E) ® (Tif/)(E)) ®A^A Mee — 



□ 



ee)&2 



Me, 



(((Ti[/)(^)®(Tif/)(E))®A«AM, 



where {{TiU){E) ® {TiU){E)) ®a®a Me, 



ee) &2 (Mee) 

Mee is the canonical isomorphism. 



Proof. This is immediate from the fact that the canonical isomorphism 



mU){E) ® (Tif/)(E)) ®A«A Me, 

is compatible with the involutions. 



Me, 



□ 



Proposition 16.111 is a direct consequence of the following lemma. 

Lemma 6.15. For M G PQMod^ , there exists an isomorphism 

(P -fTTe,]!;) -.E^M^Me 

such that (P Jl^^J^^ij) = P JI^ and (P 'JI^,]I^)4' = Jj^ where the maps P, JI^ and JI^ 
are defined in Lemma Vd.lSl \ 6.14\ and \6.1Si respectively and the maps (f) and ip appear in 
the pushout diagram of Proposition Ig.M 
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Proof. To prove that the morphism (P JJ^,]!^) exists, it is sufficient to prove that 
P Jj^i/j = jL^cj) by the universal property of the push-out. 
For / G C{E, E) and m G M^e we have: 

PJi^tt{6 ®l){f ®m) = P^ieeU®f®m) by Lemmas [6ll3] and EUl 

= P{{f ® f)-m) by definition of fiee 

= fP{m) by Definition 15.11 

= /^e(/ ® P{rn)) by definition of /ig 

= fTeih® Id){f ® P{m)) by Lemma ETIS] 

= jr,{t2®P)U®'m). 

For /, c/ G C{E, E),x e U{E\E), a G we have: 

Pjl^iriti (g) ti (g) H{tu (g) !))(/ (g) 5( (g) X (g) a) 

= Pf^eeif (g (? (g H{tii{x) (g a)) by Lemmas EUl and EUl 

= P((/(g g)H{tii{x) (g a)) by definition of /iee 

= PH{{f (g (g a)) since if is a morphism of A (g A— modules by Definition 

= PH{tu{U{f I g){x)) (g a) by the structure of A (g A-module of Tu{cr2U){E, E) 
= PH{tu0ld){U{f I g){x)0a) 

= He{S2 ® Id){U{f I (g a) by Proposition O 

= 7i;(t2 ® /(i) (5^ ® /rf) {U{f I ^) (x) (g a) by Lemma lUTT^ 

= 72;(^2^2''WI^7)(a;)®a)• 

Hence the morphism (P /^ee, J^e) : E ® M ^ Mg exists. 
For m G Mee, we have: 

7i^7r(5 (g 1)(1 (g m) = m. 

Since JI^ is an isomorphism by Lemma 16.141 we deduce that 7r(5 (g 1) is surjective. 
Consequently tp is surjective and by general properties of push-out diagrams we obtain 
that '■ (T2U){E) (g Me ^ E ® M is surjective. Now, since (P 'JI^,]j^)iIj = /II is an 
isomorphism by Lemma I6.12[ it follows that (P /U^) is an isomorphism. □ 

In particular, by Proposition I5.16[ for F a quadratic functor, E>2{F) is a quadratic 
C-module, so we can apply the previous lemma to S2(P) to obtain: 

Lemma 6.16. For F G Quad{C,Ab) the morphism 

{(M)ET^e.T^):E® §2(F) ^ F{E). 

is an isomorphism. 

6.4. Computation of the cross-effect of — (gM. The aim of this section is to prove 
the following theorem which allows to compute the cross-effect of — (g M, in Corollary 

E2ni 

Theorem 6.17. For C a pointed theory generated by E and M a proto- quadratic C- 
module relative to E, the following natural transformation of functors is an equivalence 
if and only if M is a quadratic C-module. 

cr2(0) : cr2((((rif/(-) ® T^U{-)) ®a«a M,,)Ac)e2) ^ cr2(- ® M) 

Here is the map in the push-out diagram in Definition \6.^ 

The proof of this theorem relies on the following lemmas. 
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Lemma 6.18. Let {B,T) be a symmetric bifunctor from C to Ah such that B is bilinear 
bireduced, see Definition \1.19i Then the map given by 



2 ^ 
(1,2). 



-\BiTl,tl) : B{X,Y) cr2{BAc)e,{X,Y) 



for X,Y & C, is a natural equivalence. 



Proof For X,Y E C, we have BA^X V F) = B{X,X) © B{X,Y) © B{Y,X) © 
B{Y, Y) since i? is a bihnear functor. For Xi = X, X2 = Y and p,q = 1,2 we 
have Tx,yx,,x,vx,B{{f„zl) = B{f^,il)Tx,,x,. Thus {BAc)<BAXyY) = B{X,X)e, © 
B{Y,Y)e, © {B{X,Y)(BB{Y,X))e, and cr2{BAc)e,{X,Y) = {B{X,Y) (B B{Y, X))e, 
where the action of 62 on B{X,Y) © B(Y,X) is given by t{x,y) = (TY^x{y),Tx,Y{^))- 
We have {v^^^ 2))^^^-^(^i) '^2)(^) — (^) 0)- inverse of this map is defined as follows: let 
/ : B{X,Y)®BiY,X) ^ 5(X,r) be given by fix,y) = x + TyAv)- Then f{t{x,y)) = 
TyAv) + Ty,xTxA^) = fi^.y)- So / defines a map / : (5(X,F) © B{Y,X))e, ^ 
B{X, Y), and one easily checks that / is the inverse of (i^-,^ 2)) ""^^-^(^i? ^2)- ^ 



Lemma 6.19. For a A ^ A-module A, let fi^ '■ '^iiiA){E, E) A denote the canonical 
isomorphism. Then the following diagram is commutative: 



N © U{E\E) © cr2((Tn(iV)Ac)sJ(^, E) © U{E\E) © M,, 



k2 



cr2(ii) 



Mee ^ ^ cr 2iiTniM,,) Ac) 62) (E, E) 



where: N = Tn(cr2(?7))(E, ©a M^, h = (iJi,2))"'^Tn(iV)(^?, «i)(/iiv)"' © 1, ^2 = 
{H,k'2) with k'^{pliA^)®m) = {rj^(g>rl^).{m + Tm) for^ eC{E,EyE) and m e M^, 
and h = (i?i,2))"'^Tn(Mee)(«?,2i)(/XM.J-^ 



Proof. The morphisms ki and ^3 are isomorphisms since /iMee /xat are the canoni- 
cal isomorphisms and (i^-^ 2))~^7rTii(iV)(i^, 22) and (i^^ 2))~^^1'ii(^ee)(^i, "^2) are isomor- 
phisms by Lemma I6.18[ The fact that ^2 is welldefined follows from the fact that k^ is 
an isomorphism and from commutativity of the diagram which we prove now. 

By Lemma 16.41 cr2{ip) = (cr2(l © 1 © -ff), cr2(7r(5 © 1))). 

The commutativity of the diagram on follows from the naturality of fi and by the 
fact that Tii(— )(— , — ) is a trifunctor. 

To prove the commutativity of the diagram on U{E\E) © M^e we consider the injec- 
tion ^2^ 2) : cr2((Tn(Mee)Ac)eJ(^,^) ^ {Tn{M^,)Ac)e,){EyE) and we prove that 

'•(1,2) C?^2(^) ki = 2) ^3 k2 on U{E\E) © Mee- 
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= 62^_2) cr2(vr(5 ® 1)) (p?i,2)(0 ® H 

= 7r(5 ® (P(l,2) (0 ® 

= 7r(5 (g) l)((C-iiriC-iir|0 m) by [21331 

= TT ( ( ^®^ - i|rg_® if r^^ - iirj^ ijr lO m) 



by Lemma [3.61 (3) since TiU is linear 



= TT 




5 ilr^^ ^ 


5 m + il'^l^ eg) 




m) 


= TT 






5 m + t{ifrl^ 




^Tm)) cf. Propositions 13.28! andl3. 25! 


= TT 


[^irK ^ 




§ m + i^r^^ (g) 




Tm) since 7r(tx) = 7r(x) 


= TT 




5 i2r2^ ^ 


§ (m + Tm)) 







= TT Tii(Mee)(i?, ^Dlrf^ ® r^^ ® (m + Tm)) 

= 7rTn(Mee)(i?, ii)(l ® 1 ® (r?^ ® riO-(^ + Tm)) 

= TT Tn(M,e)(2?, tDfiliiirj^ ® riO.(m + Tm)) 

= ^(1,2) A;3((r2e®r20.(m + Tm)) 

= i(i,2) h A;2(P(i,2)(0 ® 

□ 



Proof of Theorem \6.1'l/\ . By Lemma [?!U1 and Proposition II . 121 the source functor is bilin- 
ear and we deduce from Proposition 16. 51 that the target functor is bilinear. So according 
to Prop osit ion 1 1 . 1 8 1 it suffices to check that cr2{(t))(E,E) is an isomorphism if and only if 
M is a quadratic C-module. By Lemma [6.6! we know that, for M a proto-quadratic C 
module, cr2{(t))(E,E) is surjective. So it is sufficient to prove that cr2{4>){E,E) is injective 
if and only if the condition (QM2) is satisfied. 

As a pushout of abelian groups can be written as a right exact sequence in an obvious 
way and as the cross-effect functor is exact, we deduce from Lemma [674l that the following 
diagram is also a pushout. 



cr2((Tn(iV)Ac)eJ(^,^) ©cr2(f/)(E,E) ®Mee — -cr2(T2f/)(E,E) ® a 



cr2((Tn(Mee)Ac)sJ(^,^) 



cr2(i>)E,E 

cr2{-®M){E,E). 



By the previous Lemma we obtain the following commutative diagram (where, for 
simphcity, we omit the subscript E,E): 

N © UiE\E) ® Mee cr2((Tn(iV)Ac)sJ(^, E) © cr2(f/)(E, E) © M,, — cr2(T2t/)(E, E) ©a Me 



k2 



cr2ii>) 

cr2((Tn(Mee)Ac)eJ(^,^) 



cr2{0) 



cr-2{i/') 

■cr2{-0M){E,E). 



As ki and /cs are isomorphisms, we deduce that the exterior diagram is a pushout 
too. 

By a general property of pushouts in Ab we deduce that: 



(6.19.1) 



ker{cr2{4>)) = ker{cr2{4>)k^) = k^k2ker{cr2{4>)ki). 
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Recall that cr2(0) = {cr2{(j)'i ® 1), cr2{t2) P). So, we have 

cr2(0)fci = (cr2(^r¥T)(i?i,2))"'^Tn(iV)(z?,22)(^^)-i,cr2(t2) ® P). 



In the sequel, we compute cr2(</)'i ® 2)) "'^^I'lil^)!^!) '^2)(/^a') ^- For a; G cr2 (?/)(£', -E) 
and a e Me we have: 



^l,2f^i ® l)(^(l,2))"'^Tn(iV)(^2,^2)(;,^)-l(^ll(x) ® a) 
= '( 0; ® l ).^,^,)(6^i^,))-VTn(iV)(^^, ^i)(/i7v)-^(tn(x) ^ a) 
= (0; ® l)7rTn(iV)(22,z2)(i ^ i ^ (^^^(a;) ^ a)) 

= ® l)(z? (g) ii ® (tii(x) ® a)) 

= ® ti ® ® ^2 ® a;) (g) a 

= 1282 U{i1 I «2)(^) ® by the proof of Lemma F6 .41 

= t2 U(y^)U{'il V il)tf-^^2)i^) O a 

= t2 '•(1^2) (^) ® ^ 

= Lf^^2)'^r2{t2){x) a 
= ''(i,2)(cr2(t2) ® (S> a). 

We deduce that: 

cr2(4>)ki = (cr2(t2) ® 1, cr2(t2) ® i^)- 



By Theorem I2.5[ cr2(t2) is an isomorphism, whence we have the following exact se- 
quence: 

U{E I E) ®A M,,^N® (U{E I E) ®^ M,,) T2U{E \ E) ®a 

where 



kA = ((cr2(t2) ® l)-\cr2{t2) ® P), -1)* = ((cr2(t2))-'cr2(t2) ® P, -1)* = {tu ® P, -1)*. 
Since ^3 is an isomorphism, we deduce from 16.19.11 and the last exact sequence that: 

ker{cr2{4>)k^) = k2 ker{cr2{(p)ki) = k2lni{k4). 
For eC{E,Ey E) and m G Mee we have: 

^2/s4(P(i,2)(0 ® = A;2(tiiP(i,2)(0 ® -P(i,2)(0 ® m) 

= ^(tnP(i,2)(0 ® - {rl^ ® ^20-(^ + Tm). 
It follows that ker{cr2{<f))) = if and only if the condition (QM2) holds. □ 
We now are ready to compute the cross-effect of — M. 
Corollary 6.20. Let M G QMod^, there is a natural isomorphism of bifunctors: 

7 : (rif/(X) ® T,U{Y)) ®A^A M,e ^ cr2(- ® M)(X, 
/or all X,Y E {E)c such that: 

(7)x,y(ti(/) ® ti(^) ® m) = (i(i,2))"^07r(ti(zi/) ® ti(z2^) ® m) 
w/iere / G C(E, X), ^ G C(^, Y), me M^e, ii : X X W Y and 12 '.Y ^ X y Y . 

When E has suitable properties this result extends to all objects X, Y which are 
colimits of copies of E, see Theorem 16.271 below. 

Proof. Recall that Tn(Mee)(X, Y) = {TiU{X) ®TiU{Y)) (g)A®A by Definition ESDI 
We have the following natural factorization of {'^)x,y'- 

Tn(Me,)(X,F) ^ > cr2((Tn(M,e)Ac)eJ(X,y) ^ cr2(-®M)(X, F). 
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Since Tii(Mee) is bilinear we deduce from Proposition l6.18l that {t^^-^ 2)) ^'^^ii{Mee){ii, ^2) 

is a natural equivalence, and we deduce from Theorem 16.171 that cr2{4>) is an isomor- 
phism. Hence 7 is a natural equivalence, too. □ 

6.5. Preservation of filtered colimits and suitable coequalizers. In this section 
we show that the quadratic tensor product has strong enough preservation properties 
to be determined, under suitable assumptions, by its restriction to "free objects of finite 
rank" which was determined in the preceding sections. Under even stronger, but still 
very general assumptions which in particular cover all pointed algebraic varieties where 
a group law is part of the structure, we extend the computation of the cross-effect of 
— ® M in the preceding section to all objects in C. 

More precisely, we suppose throughout this section that C has all (even infinite) sums 
(or at least all sums of copies of E), and that E is a, small regular projective generator 
of C. Recall that small means that the functor C{E, — ) : C ^ Set,, preserves filtered 
colimits, regular projective means that E is projective with respect to the class of all 
regular epimorphisms (i.e., quotients of coequalizers in C), and generator means that all 
objects X in C are colimits of copies of E, or equivalently, admit a regular epimorphism 
\/ .i^j E — ^ X ■ Note that these assumptions are satisfied for all algebraic varieties 
when we take E to be the free object of rank 1. 

Definition 6.21. A presentation of an object X in C is a coequalizer diagram 

do q 
di 

in C. We say that P is E-free if Xq and Xi are E-free, i.e. sums of copies of E, and 
that P IS E-saturated z/V/o, fi E C{E,Xo), {qfo = qfi =^ 3/oi E C{E,Xi), fk = 4/oi, 
k = 0,1). Moreover, P is said to be reflexive if the pair {dQ,di) is reflexive, i.e. admits 
a common section Sq E C{Xq,Xi) of do and di. 

Lemma 6.22. We have the following properties for C and E as above. 

(1) Any object of C admits an E-saturated E-free presentation. 

(2) Any E-saturated E-free presentation is reflexive. 

(3) IfC is Mal'cev and Barr exact, any reflexive presentation is E-saturated. 

We point out that all pointed homological, in particular semi-abelian categories are 
Mal'cev and Barr exact, see [6j; so these hypothesis cover all pointed algebraic varieties 
where a group law is part of the structure, like groups, algebras over any reduced operad 
etc., as well as the categories of compact Hausdorff-spaces, of crossed modules of groups, 
of C*-algebras etc., see for example [6J. 

Proof of Lemma \6. 22[ (1): Let X be an object in C. As E generates C there exists an E- 
free presentation P: Ei =3: Eq X ■ Now let P[q] = {(/o, /i) E C{E, Eq) \ qfo = 

di 

ifi}, E[ = V(/o,/i)GPM ^ ^(/oJi) ■ E E[, (/o, /i) E P[q], be the defining injections 
of the coproduct. For k = 0,1, let rf'^: E[ Eq such that dkC^f^^j^) = fk- Then 

(do.d'o) q 

P: Xi\/ E[ g Xq s- X is an i^^-saturated E'-free presentation of X. 

(dud'i) 

do q 

(2): Let P: Ei > Eq ^X be an i?-saturated ii^-free presentation, with Eq = 

di 

V^g^ E and defining injections 6^: E ^ Eq. Taking /o = /i = for z G / provides 
a map /q^^ E C{E,Ei) such that c/q/oi = c^i/oi = e,. Pasting these maps /q^ together 
furnishes the desired common section sq: Eq ^ Ei of do and di. 
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(3): Consider the following diagram 

do 




(/o,/i) 



where the top line is a reflexive presentation and the right hand square is a pullback 
(i.e., {po,pi) is a kernel pair of q). Thus the map {do, di) as indicated exists such that 
Pk{do,di) = dk, k = 0, 1. Moreover, we suppose that /o, /i G C{E,Xo) are maps such 
that qfo = qfi, thus the map (/o, /i) as indicated exists such that Pk{fo, fi) = fk, 
k = 0,1. By hypothesis on C the map {do, di) is a regular epimorphism (cf. [6] or 
[7]), so by regular projectivity of E there exists a lifting foi as indicated such that 
{do, di)foi = (/o, /i). It satisfies 4/oi = Pfc(rfo, c^i)/oi = Pfc(/o, /i) = fk, as desired. □ 

Now consider a functor F: C — > P to some category "D. Recall that one says that F 
preserves a certain type of coequalizers (or presentations) if it transforms coequalizers 
of this type in C into coequalizers in V. 

Proposition 6.23. For F as above consider the following properties. 

(1) F preserves E-saturated coequalizers. 

(2) F preserves E-saturated E-free coequalizers. 

(3) F preserves reflexive coequalizers. 

Then (1) -v^ (2) <^= (3), and if C is Mal'cev and Barr exact then all three properties 
are equivalent. 



Proof. It is obvious that (1) implies (2), and (3) implies (2) by Lemma TG. 221 (2). More- 
over, if C is Mal'cev and Barr exact (1) implies (3) by Lemma [6.221 (3), so it remains to 
prove that (2) implies (1). Let P be an ii^-saturated coequalizer as in Definition I6.21[ 
Then we may choose a regular epimorphism qi : Ei — 9^ Xi with an E'-free object Ei, 
and an E'-saturated ii^-free presentation of Xo as in the diagram 

(6.23.1) E[ 



do 

El :::::::::::& Eo 




go 



Xo 



X 



Here the diagonal map s is a map such that dos = dis = qo; it is constructed on a given 
summand E of Eq by taking fo and /i to be the restriction of go to this summand, and 
applying the saturation property of P, as in the proof of Lemma [6.221 (2). Moreover, 
do and di are liftings such that qodk = dkqi, /c = 0, 1; they exist since Ei is regular 

(^0,^0) qqo 

projective. Now observe that Ei V E[ I Eq ^ X is an E-bee presentation of X; 

{di,d[) 



by applying the procedure in the proof of Lemma [6.22( 1) we find an E'-free object E'-l 
and maps E'{ 



{do,d'g,eo) 

Eo in C such that EiV E[y E'{ _ T Eo X is an E'-saturated 



'1 (di,d[,ei) 

E-iree presentation of X. Next we construct a map s' G C{E'l, Xi) such that d^s' = qo^k, 
k = 0,1: on a given summand E of E" it is obtained by taking to be the restriction 
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of qotk to that summand, and applying the saturation property of P. We thus get the 
following diagram where e'l is the injection. 



(6.23.2) 




E^y E[y E'l 



(do.'^O.eo) 



Eo^X 




It is commutative, for the left hand square in the sense that the two squares formed by 
taking the horizontal arrows with the same index A; = 0, 1, commute. 

Now we apply a functor F: C —* V preserving i?-saturated E'-free coequalizers to this 

F{do) F{q) 

diagram, and deduce that F{Xi) j F{Xo) ^ F'iX) is a coequalizer. Let A eV 

F{di) 

and a G V{F{Xq), A) such that aFi^do) = aF{di). Then 

aF{qQ)F{do,dQ,eo) = aF{do)F{qi, sd'^, s') 
= aF{d,)F{q,,sd'o,s') 
= aF{qo)F{di,d[,ei) 



As F transforms the top line and the column in fl6.23.2p into a coequalizers it follows 
that there exists a unique map a G V{F{X), A) such that aF(ggo) = «-F('?o)) and that 
F(go) is a regular epimorphism. Thus 6tF{q) = a, which implies the assertion. 

□ 

Recall that if P as above is a reflexive coequalizer in Ab then X = Coker((io — 
di: Xi Xq) = CokeY{d[: Kei^do) — * Xq) where d[ denotes the restriction of di. 
This implies that an additive functor between abelian categories preserves reflexive 
coequalizers iff it is right exact, so preservation of reflexive coequalizers generally is 
considered as the appropriate generalization of right exactness to non-linear functors. 
In fact, a functor preserving reflexive coequalizers and filtered colimits generically is 
determined by its restriction to "free objects of finite rank". In particular this reduction 
is used in the study of quadratic functors [1] and of functors between categories of 
algebras over operads [9]. In the same spirit, we now state a preservation theorem for 
our quadratic tensor product which shows, however, that in the most general situation 
reflexive coequalizers must be replaced by the more specific i?-saturated ones; on the 
other hand. Proposition 16. 231 explains why this difference did not yet appear in practice: 
most "real life" pointed categories are at least homological and hence Mal'cev and Barr 
exact. 

Theorem 6.24. Suppose that C is a pointed category with sums and that E is a small 
regular projective generator of C. Moreover, let M be a quadratic C-module relative to 
E. Then the functors TuUe and — ® M : C — > Ab, n = 1,2, preserve filtered colimits 
and E -saturated coequalizers, and reflexive coequalizers if C is Mal'cev and Barr exact. 

Proof. Let Set^, Set^-C{E, E) denote the categories of pointed sets and of pointed sets 
equipped with a right action of the monoid C{E,E), resp., the latter satisfying that 
XqQ = Xq = xO where Xq is the basepoint of S* G Set^-C{E, E), x E S and a G C{E, E). 
Consider the functors 



Ab 



S et^ 



PE 



C 



P'e 



Set,-C{E,E)—^Mod-A 
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where Pe,p'e both given by C{E, — ), the right action of C{E,E) on C{E,X) being 
given by precomposition. Both pe and p'^ preserve filtered cohmits since E is small, 
and preserve i?-saturated coequalizers since E is regular projective, and by definition of 
i?-saturation. Moreover, both functors Z[— ] are left adjoint to the obvious forgetful func- 

Ue U'j^ 

tors, hence preserve colimits. Thus the composite functors Ab ^ C ^ Mod- A , 

both preserve filtered colimits and i?-saturated coequalizers, and so do the functors 

Ue{X^^) ^ ^Xi ^ t/^(X^") since colimits commute among each other. For the 

same reason, T^Ue = CokeiiS^ o pf^^^y. Ue{X'^'^) -> Ue{X)), T2UE = Coker(V3 - 
(VV?2)* - ( VV?3), - {V^rl,), + rl + ri + rl : [/^(X^^) ^ Ue{X)), and T^U'^ preserve 
filtered colimits and ^'-saturated coequalizers, see Propositions 12.141 and 12.171 As the 
tensor product preserves filtered colimits and coequalizers so does the functor Mod- A — > 
Z[&2]- Mod sending A to (A^A) ®a®a^) N = M^e ot N = Tn{cr2UE){E, E), and also 
the functor Z ^zi&2] ~ '■ ^[©2] - Mod Ah. Thus — ® M is a functorial pushout (hence 
colimit) of functors which preserve filtered colimits and E'-saturated coequalizers, hence 
so does — ® M as colimits commute among each other. The statement about reflexive 
coequalizers then follows from Proposition 16.231 □ 

The preservation properties just proved allow for the desired reduction to the case of 
free objects of finite rank: 

Proposition 6.25. Let V he any category, and let ip: F —>■ G he a morphism hetween 
functors F,G: C —>■ T> which hoth preserve filtered colimits and E-saturated E-free 
coequalizers. Then ip is an isomorphism iff ipE^^ is an isomorphism for all n > 1. 
Similarly, let ip: B ^ C he a morphism hetween hifunctors B,C: C x C ^ V which 
hoth preserve filtered colimits and E-saturated E-free coequalizers in each variahle (i.e. 
the functors B{X, — ) and B{—,X) do for all X e C, the same for C ). Then is an 
isomorphism iff iI'{e'^",e'^"^) is an isomorphism for alln,m > 1. 

Proof. This is standard: let / be a set and P be the set of its finite subsets, and write 
Ej = y^^jE. Then Ej = colimjfzpEj is a filtered colimit whence (pEi is a colimit of 
isomorphisms, hence an isomorphism. It now follows that ipx is an isomorphism for 
all X G C by using an i?-saturated i?-free presentation of X, which exists by Lemma 
16.221 As to bifunctors, the result for functors just proved successively implies that first 
"^(x.^vm), then ip(x,Y) is an isomorphism for all X, F G C, m > 1. □ 

Now we wish to establish similar reduction properties for cross-effects. For this we 
must check that suitable preservation properties of a functor are inherited by its cross- 
effects: 

Proposition 6.26. // a functor F: C —* Ab preserves filtered colimits and reflexive co- 
equalizers then so do the functors cr„(Xi, . . . , X„, — ) : C ^ Ah forn > 1 andXi, . . . , X„ 
G C. 

Proof. By induction it suffices to prove the case n = 1. Let X G C. 

Filtered colimits: Let X he a filtered category and D : X ^ C be a diagram admitting a 
colimit in C. Then X V colimD = colimDi where Di: X — > C is given by Di{i) = X V 
D{i) for 2 G X and Di{f ) = 1\/D{f) for a morphism / inX. Similarly we define diagrams 
^2,^3: X ^ C such that L>2(«) = F{X) © FD{i) and ^3(2) = F{X\D{i)). Writing 
r{i) = (rl^,r2^,): F{X V D{i)) -f'(X) x FD{i) we have the following commutative 
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diagram. 



F{X V colimD) ^-^iliV(X) x F(colimL)) 



F(colimDi 



F{X) © colim (F o D) 



Hence 



as asserted. 



colim r(i) 

colim [F o Di) ^ colim D2 



F{X\co\imD) = Ker(colimigjr(z)) 

= colim jgiKer(r(i)) since X is filtered 
= colim D3 , 



do 



Reflexive coequalizers: Let Yi > Yq ^ F be a refiexive coequalizer in C with 

di 

IVdo IVij 

commun splitting sq of do and di. Then X V Yi > X V Yq ^ X V F also is a 

IVdi 

refiexive coequalizer in C with commun splitting 1 V sq of 1 V c/q and 1 V c/i. Consider 
the following commutative diagram in Ab. 



F{X\Y, 



F(X|Fo) ^^^^F(X|r) 



,2 

'(1,2) 



t2 
(1,2) 



F(X V Fi) 



F(X V Fo) 



F(lVg) 



1,2 
(1,2) 



F(X V Y) 



F{X) X F{Yi) — ^ F(X) X F{Yo) ^""^H F(X) x 







where a = F(l|rfo) -F(lMi), p = F{iy do) - F{iy di), 7 = (1 x F(rfo)) - (1 x F{di)) = 
X {F{do) — F{di)). The columns are exact by f l2.13.4p . and the second and third row 
are exact since F preserves refiexive coequalizers. Now replacing F{X) x F{Yi) by its 
image under 7 the left half of the above diagram becomes 



F{X\Yi) © F(X) © Ker(rfo* - d 



1* 



{Ll^^yF{h),F{i2)j) 



F{X V Yi[ 



Im(7)^ 



F{X\Yo) 



(1,2) 



F{X V Yo) 



F{X) X F{Yo) 



with j: Ker(cio* - ^i*) ^ F{Yi). But = F{ii) - F{ii) = 0, and (3F{i2)j = 

{F{i2do) - F{i2di))i = F{i2){F{do) - F{di))j = 0, so Im(a) = Im(a). Thus the 

snake lemma provides an exact sequence F(XlY'i) F{X\Yo) ^^^^'^\ F{X\Y) — >■ 0, as 
asserted. □ 
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We now are ready to extend the computation of the cross-effect of the quadratic 
tensor product from E-free objects of finite rank to all objects in C, as follows. 

Theorem 6.27. Suppose that C is a pointed Mal'cev and Barr exact category with sums, 
and that E is a small regular projective generator ofC. Moreover, let M be a quadratic 
C-module relative to E. Then the natural isomorphism 

7: (Tif/(X)®Tif/(r))®A^AMee ^ CT^i- ® M){X,Y) 

in Corollaru \6.2(A is valid for all objects X, Y in C. 

Proof. The functor — ® M preserves i?-saturated coequalizers by Theorem I6.24[ hence 
reflexive coequalizers by Proposition 16.231 and by hypothesis on C. Thus by Proposition 
16.261 the bifunctor cr2(— ® M) preserves reflexive coequalizers in both variables, in 
particular ^'-saturated E-iiee coequalizers by Lemma r6.22l (2). and so does the bifunctor 
(Tif/(— ) (g) Tif/(— )) (8>A0A Mee, See the proof of Theorem I6.24[ So by Proposition 16.251 
the natural map 7 is an isomorphism for all X, F G C since it is so when X = i?^", 
Y = E^"", n, m > 1, by Proposition [6201 □ 

7. Equivalence between quadratic functors and quadratic C-modules 

The aim of this section is to prove the following theorem which is the main result of 
this paper. 

Let QUAD{C, Ah) denote the category of reduced quadratic functors from C to Ab 
which preserve filtered colimits and E'-saturated coequalizers; recall from Proposition 
I6.23l that here £^-saturated coequalizers can be replaced by iJ-saturated i?-free coequal- 
izers, and by reflexive coequalizers if C is Mal'cev and Barr exact. 

Theorem 7.1. Let C be a pointed category with finite sums. 

(A) The functors 

Quad{C, Ab) QMod^ 

§2 ' 

where S2 is defined in section 5.3 and T2(M) = —® M , form a pair of adjoint functors 
extending Ti and Si given in Proposition \3 . 1 1\ (see also Proposition \5.17\ ). 

(B) If C = {E)c, the functors §2 (I'^d T2 form a pair of adjoint equivalences. 

(C) IfC has sums and if E is a small regular projective generator ofC, then the functors 

QUADiC, Ab) QMod^ 

form a pair of adjoint equivalences where T'2 is given by T2 which actually takes values 
in QUAD{C, Ab) by Theorem \6.24\ and where §2 the restriction ofE>2. 

To prove this theorem we start by constructing the co-unit and prove that it is an 
isomorphism if C = {E)c, thanks to the computations of E ^ M given in Proposition 
16.111 and of the cross-effect of — ® M given in Corollary I6.20[ Next we construct the 
unit of this adjunction and prove that it is an isomorphism. Assertion (C) then follows 
from Proposition 16.251 
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7.1. The co-unit of the adjunction. The co-unit of the adjunction of Theorem 17.11 
is a natural map of quadratic functors e : — ® S2(-^) F. To define this map we need 
a series of lemmas. 

Lemma 7.2. For F e Quad{C,Ab), there exists a natural transformation u'p : (T2?7)(— )(8>a 
F{E) —>■ F{—) such that we have the following natural commutative diagram 

U{X) ®A F{E) F{X) 

{T2U)iX) 0AFiE) 

for X G C and u'p the co-unit of the adjunction between S and T given in Proposition 

Proof. This is immediate from the universal property of ^2- D 

Lemma 7.3. For F G Quad{C, Ah) , there exists a morphism (5'^)x : F{X\X)q2 
F{X) making the following diagram commutative 

F{X\X) '^-^ ^ Fix) 

■■■■■-""(Sf)x 

F{X\X)e, 

forXe C. 

Proof. To prove that S2 exists we have to prove that S^T^ = S2 where is the 
involution of F[—\—). Recall that is defined by the following commutative diagram 

F{X\X)^^^F{Xy X) 



rpF 



Fir) 



t2 

F(X|X)^^F(X VX) 
where r is the canonical switch. Thus: 

□ 

Lemma 7.4. For F G Quad{C, Ab) , there exists a natural transformation of functors: 



: (((rif/)(-) ® (Tif/)(-)) ®A®A F{E\E))Ac)e, ^ {cr^Fi-, -)Ac)e. 

where Ac : C x C ^ C is the diagonal functor, making the following diagram naturally 
commutative. 

mU){X) ® (Tif/)(X)) ®A®A F{E\E) — F(X|X) 



(((Tif/)(X) ® m?7)(X)) ^A^AFiE\E))e., ^ iFiX\X))e, 

(X))®A®AF(i?|. ■ 

of the adjunction in Proposition \3.21i 



Here X eC, and ((Tif/)(X) O (Tif/)(X)) ®a®a F{E\E) ^—^ F{X\X) is the co-unit 
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Proof. For x,y E U{X) and m G F{E \ E) we have: 



= {^l,2)r'nr)il,2)Cr2F{f,g){m) 

= {il,2)r'nr)F{fyg)il^2){^) 

= cr2Fig,f)iT^im)) 

= <,,(^)(ti(^?)®ti(/)®T^(m)) 

= u'cr2{F)itih{f)(^ti{g)®m)) 



Thus u'^r2{F) is G2-equivariant and hence passes to coinvariants. □ 

We deduce the following proposition. 

Proposition 7.5. For F G Quad{C, Ab), there exists a natural map e : — ® §2(-^) ^ F 
given by: 

ex = {(Si)x K^))x, Wf)x) : X ® §2(F) - F{X) 

for X G C such that ex4> = ('S'l')x ('w'^r2{F))''^ '^^'^ ^xi^ = {u'p)x; here the natural maps 
u'p, S2 and u'cr2{F) defined in Lemmas \ 7. 4 17.51 and \7.4\ respectively and the maps (p 
and ip appear in the pushout diagram of Proposition \6.^ 

Proof. To prove the existence of ex it is sufficient to show that (5'f)x (^cr2(F))^^ ~ 
{u'p)x4> where ip and are the maps in the pushout diagram of Proposition 16. 2[ 
For / G C{E,X) and m G F{E\E) we have: 

(M)x K^))x TT ((5 ® !)(/ ® m) = (Si)x 7iKr2iF))x {S ® !)(/ ® Tu) by LemmaO 

= iS^)x {S ® !)(/ ® m) by Lemma O 

= {Si)x Kr2iF))x ihif) ® hif) ® m) by definition of 6 
= iS^)x cr2F{fJ){m) by definition of ^^^(f) 
= F(V2) 2) cr2F(/, /)(m) by definition of 5f 
= F(V2) F(/ V /) 2)(m) by definition of cr2F(/, /) 
= F{V^{f V /)) tf-^ 2)(^) by functoriality 
= F{f V2).2^ 2)M'smce V2(/ V /) = / 
= F{f) F(V2)iJi2)(^) by functoriality 
= {u'p)x{f ® F(V2)i(^ 2)('"^)) by definition of u'p 
= {^)x{t2 ® Id){f ® F(V2)6ji 2)(H) by LemmaO 
= (v!p)x{t2 ® Id){f ® (m)) by definition of 
= (^)x{t2^Si){f^m) 
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For f,g e CiE,X ), ^ G C(E,E V E), x = {i^.^rH^ - ^WuiO " ^IrliO) ^ 
U{E I E) bv 12. 1:1 51) and a G F{E) we have: 



{S^)x_ {Kr2{F))x i^iif ^g^x^a) 

= {Si)x {Kr2{F))x ^ih ® ® {H^)E{tii ® !))(/ ® ^ ® X ® a) 

= iSi)xKr2{F))x {f_^g^{H^)E{tn(^l){x^a)) by Lemmas O and [H 

= ('S'f )x(ttcr2(F))^ (/ ® ® {cr2{u'p))E{x (g) tt)) by Lemma EUS] 

= {S2)xcr2F{f, g){cr2{u'p))E{x (g) a) by definition of u'^^^^p-^ 

= F{V^)il 2)Cr2F(/, g){cr2{u'p))E{x ® a) 

= F(V2)F(/ V 2)2^)(«) by definition of u'p 

= F(V^(/ V 2)^)('^) by functoriality 

'•(1 2)^ ® by definition of u'p 
= {u'p)xmV')U{fVg)il,^x^a) 
= {'u!p)x{U{V^)il^^fr2U{f,g)x ® a) 

= {u'p)xit2 0l)iU(y^)Lf^^^fr2U{f,g)x0a) by Lemma O 
= W)x{t2S^cr2Uif, g){x) (g) a) 
= {u'p)x4>i{f ®g®x®a). 



□ 



In the following proposition we consider the cross-effect of e. 



Proposition 7.6. Let F : C ^ Ah he a quadratic functor. Then the natural map: 



cr2{e)x,Y : cr2(- ® §2(F))(X, F) ^ cr2F{X,Y) 



is an isomorphism for all X,Y E {E)c- 



Proof. For X, Y arbitrary objects of C we have the following diagram whose right hand 
square commutes by definition of cr2{e)x,Y- 



cr2(Tn(F(E|i?))Ac)e,(X, Y) ^ cr2(- ® §2(F))(X, Y)^ 



Tu{F{E\E)){X,Y) 



cr2(e)x,Y 

cr2F{X,Y)^ 



"(1,2) 



S2(F))(xv 



F(x vr). 



In the following, we prove that the left hand square is commutative. Since l"^^ 2) is 
injective, it is sufficient to prove that 



''(i,2)C?^2(e)x,ycr2(0)(6(i^2)) VTii(F(E|^))(ii, 22) = ifi,2)U 



2 „./ 

cr2F- 



For / G C{E, X), g e C{E, Y) and m G F{E\E) we have: 
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{S2)xyYcr2F{iif ,i2g){m) by definition of u'^j.ip\ given in Proposition 13.211 



^{i,2)C^2(e)x,ycr2(0)(iJi_2))"'^Tn(^(E|£;))(2i,^2)(/®^®m) 

= (e)xvy'^(i,2)C'^2(0)('^Ji,2))~^^(^i/ ® ^29 ® rn) 
= (e)xvy07r(ii/ (g) ® m) 

= (5'f')xvy(^cr(F))^vy^(^i/ ® ^29 ® '"^) by definition of e given in Proposition 17.51 

Qition of -U^rCF) 
= F(V'^)l'^^ 2)(^r2F{iif,i2g){m) by definition of S2 
= F{y^)F{i,fyi2g)il^2)im) 
= F{f V g)il^2)M since V2(^l/ V ^2^?) = 1^9 
= il^2fr2F{f,g){m) 

= ^a,2)Kr2iF)if ® 9(8)771) by definition of u'^r2{F)- 

Now let X,Y E {E)c- Since F is quadratic, cr2(-F) is bilinear, so by Theorem 13.221 
{i'''cr2{F))x,Y is an isomorphism. By commutativity of the left hand square this implies 
that cr2(0) is injective and by Lemma [6^ we know that cr2(0) is surjective. Thus cr2(0) 
is an isomorphism, hence so is cr{e)x,Y- 

□ 

Proposition 7.7. IfC= {E)c, for F G Quad{C, Ab) the natural map e : - — > F 
is a natural equivalence. 

Proof. Since F is quadratic by hypothesis and — C?) is quadratic by Proposition 
16.51 it is sufficient to prove that (e)^; and cr2{e)(^E,E) are isomorphisms according to 
Proposition II. 171 

By Lemma 16.161 we know that (e) e is an isomorphism since 



{{S^)e {Kr{F))E,iu'E)E) = {{S^)e /iee,/ie). 

By Proposition 17.61 we know that cr2{e)(^E,E) is an isomorphism. □ 
Proposition 7.8. The natural map e : — ® ^ F is the counit of the adjunction 



given in Theorem 7.1 



Proof For M G QMod^ and a : - (g) M F we want to prove that there exists a 
unique /3 : M ^ such that e(— (g M)(/3) = a. Since e is a natural equivalence 
the latter relation implies that: (— (8 M){j3) = e~^a. One can check that (3 such that 
/?e = ae{PjI^,JlT)~^ and /S^e = cr2{a)E,ElE,E{fi'ee)~^ is the unique solution. □ 

7.2. The unit of the adjunction. 

Definition 7.9. Let t] : IdQj^^^^E S2T2 he the natural map such that, for M G 

QMod^, TjM ■■ M ^ §2T2(M) is given by {r]M)e = (Paw, 7^)"^ and {riM)ee = {l)E,ElJ'ee 
where fiee is the canonical isomorphism and 7 is the natural equivalence of Corollary 

Proposition 7.10. The natural map t] : Idgj^f^^E — > S2T2 is a natural equivalence. 
Proof. By Lemma [6.151 and Corollary 16.201 {riM)e and {r]M)ee are isomorphisms. □ 

Proposition 7.11. The natural map rj : Idgj^i^^E — > §2T2 is the unit of the adjunction 
in Theorem \7.1\ 

Proof. For F G Quad{C, Ab) and a : M — s> a morphism in QMod^ , we want to prove 
that there exists a unique natural map P : — ®M F such that E>2{P)riM = Let /? be 
the composition e(— ® a). We check that (3 is the unique solution of E>2{P)riM = a. □ 
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Together with Propositions I7.10[ 17.81 and 17.71 this achieves the proof of the assertions 
(A) and (B) of Theorem I7.1j together with Proposition 16.251 these then imply assertion 



In this section, we apply Theorem 17.11 to the particular case where E has a cogroup 
structure in C. This is the case when C is a theory of cogroups T with generator E, 
or when C is an algebraic variety where a group law is part of the structure, and E is 
the free object of rank 1. The first case (which is generic in view of Theorem I7.ip is 
considered in [3] where the authors define, in Proposition 3.6, a functor: 



to the category Square of so-called square groups, sending E G Quad(T, Gr) to the 

square group u{F){E) = {F{E) F{E \ E) F{E)), see Definition EH below. 
They prove that u is an equivalence of categories when T is the category (Z)^^ of free 
groups of finite rank. This is no longer true for more general theories of cogroups, even 
when restricting to quadratic functors with values in Ab. In fact, we here show how 
for general T the structure of square group has to be enriched in order to obtain an 
equivalence with quadratic functors from T to Ab. In particular, a second map relating 
F{E) to I E) has to be added to the picture; in the case where T = {Z)Gr this 
turns out to provide a new interpretation of the map A associated with a square group 
in |3]. Recall that a theory of cogroups is a pointed category T with finite sums such 
that each object X has the structure of a cogroup given by the maps fi : X —>■ X \/ X 
and r : X — > X. Then, for X,Y G T, T{X,Y) is a group with f • g = {f,g)ii and 
= fr. The identity element of • is the null map 0. Moreover, for Z E T and 
h G T{Y, Z) the map /i* : T{X, Y) T{X, Z) is a homomorphism of groups. 

Notation. For brevity, we write in this section ii, i2, ri and r2 instead of if, i"^, rf and 
Tg, respectively. 

For a theory of cogroups T we have a simpler description of a quadratic T-module 
relative to E given in the following theorem. In particular, note that the functor U 
disappears from the picture. 

Theorem 8.1. Let T he a theory of cogroups. The category of quadratic T-modules 
relative to E is equivalent to the category of diagrams of group homomorphisms: 



(C). 



8. Application to theories of cogroups 



u : Quad{T, Gr) Square 



M 




where 



Me is a left A-module; 
Mee is a left A (g) A-module; 

P : Mee — > Me is o homomorphism of A-modules with respect to the diagonal 
action of A on M^ei 

Hi is a homomorphism of abelian groups; 
H2 is a homomorphism 0/ A (g) A-modules, 
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satisfying the following relations for a G Mg, m G M^e, 7 G cr2(T{E, —)){E, E) , 
a,(3e T{E,E): 

(Tl) Pi/iP = 2P 

\t2) HiP{{a®^)m) - ®a)HiP{m) = {a^]3)m- a)m 

(T3) H^PH^ia) = 2Hi{a) + H2{tn{[t2,^i])^a) 

(T4) (tii7 ®a) = H2 (til (7 • r7) ® a) 

(T5) (V27 • a • /5)a = aa + /5a + P((a ® + Pi/2(tii7 ® a) 

(T6) i?i(aa) = Hiituh^a) ®a) + {a® a)Hi{a) 

where [i2,ii] = ^2 • H • (^2)"^ • (^1)^^; is the canonical switch of E M E and h : 



r(P, E) T{E, E\E) IS given by 

h{a) = (iji,2))"^(((^i •^2)") • (^2")"^ • (^itt)"^)- 

Note that the map h describes the deviation of endomorphisms of E from being 
morphisms of cogroups. 

The plan of the proof of Theorem 18. II is as follows: we first compute, in several steps, 
the symmetric bifunctor Tii(cr2?7). The result is then used to split up the map H in a. 
given quadratic T-module into the two maps Hi and H2 occuring in Theorem I8.H and 
to translate the properties of the map H in terms of Hi and H2, which leads to the 
relations (T1)-(T6). 

As a main tool we need some elementary facts about augmentation ideals of group 
rings. 

8.1. Augmentation ideals: recollections and action of the linearization func- 
tor. Recall that the augmentation ideal IG of a group G is the kernel of the augmenta- 
tion map e : Z[G'] ^ Z of the group ring Z[G]. IG is a free Z-module generated by the 
elements g — 1 for g E G \ {1}. For a subset H of G we denote by IH the subgroup of 
IG generated by the elements of the form h — 1 for h E H. The key ideas of this section 
are to use the natural isomorphism S : I(T{E,X)) U{X) such that S(/ — 1) = / 
and the trivial but useful formula a.b — 1 = (a — 1) + (6 — 1) + (a — !).(& — 1) in IG. 
Moreover, we need the following elementary result which is wellknown. 

Proposition 8.2. For G G Gr we have a natural isomorphism of abelian groups: 

e : IG/{IGf ^ G/[G,G] 

such that for g E G, 6{g — 1) = ^. 

8.2. Computation of cr2U{X,Y). In a first step we compute the cross-effect of the 
functor U, which by the isomorphism H above comes down to computing the cross- 
effect of the composite functor IT{E, —) where / : Gr Ab is given by taking the 
augmentation ideal. More generally, we have the following result. 

Proposition 8.3. Let F : C Gr be a reduced functor. There is an isomorphism of 
bifunctors T x T Ab: 

e : i{F{x I r))©(/p(x)®/p(r))©(/(P(x | F))®/(P(x)xP(r))) ^ cr2(/P)(x,r) 

given by 

e(x - 1,0,0) = X - 1 

6(0, {y-l)(^{z- 1), 0) = {luy - l).{i2,z - 1) 

0(0, 0, {u-l)(^{v- 1)) = {u- l).{sv - 1) 

where s : F{X) xF(Y) P(XVF) is the map defined by s{x, y) = iux.i2*y, the point . 
denoting the group structure on F{X V Y). 

The proof requires the following elementary fact. 
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Lemma 8.4. Let G be a group and H, K he two subsets of G containing 1 such that 
each g E G admits a unique decomposition g = hgkg with kg E H and kg E K . Then 
the map: 

(P: IH®IK®iIH(g) IK) IG 

given by (f){h - 1,0,0) = h - 1, 0(0, k - 1,0) = k - 1 and 0(0, 0, {h' - 1) ® {k' - 1)) = 
{h' — l).{k' — 1) is an isomorphism ofL-modules. 

Proof. We define 

: IG ^ IH ®IK ®{IH ® IK) 

by 

lP{g - 1) = {hg -l,kg- 1, {kg - l) ^ {kg - l)) . 

One readily checks that ip is the inverse of 0, using the fact that the unique decompo- 
sition of h e H C G (resp. A; G -ft' C G) in HK is h.l (resp. l.k). □ 

Proof of Proposition \8.3[ For X,Y E C we have a short exact sequence: 

1 ^ F{X I Y) F{X V Y) hlflll^ F{X) x F{Y) 1. 

Since iu and 12* are group morphisms we have s(l, 1) = 1 and since F is reduced, s is a 
set-theoretic section of {ru, r2*)* natural in X and Y. Hence the subsets H = F{X \ Y) 
and K = s{F{X) x F{Y)) of the group F{X V Y) satisfy the conditions of Lemma [8.41 
and we have an isomorphism of bifunctors: 

/(F(Xvy)) ~ J(F(X I Y))®I{s{F{X)xF{Y)))®{I{F{X \ Y))®I{s{F{X)xF(Y)))). 

Since the map s is a bijection of F{X) x F{Y) onto the set K, applying Proposition 
18.41 to the product group F{X) x F{Y) provides an isomorphism of bifunctors: 

/(F(XVF)) - I{F{X \Y))®{IF{X)®IF(Y)®IF{X)®IF{Y)) 

©(/(F(X I Y)) ® I{F{X) X F{Y))) 

Now the assertion follows from fl2.13.7p . □ 

The following application of Proposition 18.31 illustrates the power of the linearization 
functor Ti. 

Proposition 8.5. Let F : C ^ Gr be a reduced functor. Then we have a natural 
isomorphism: 

6^ : Ti(/F) ^TiF 
defined by e^{ti{x - 1)) = ti(x) forXeC and x G F{X). 

Proof. By the isomorphism B in Proposition 18.31 we have 

Ti{IF){X) = coker{cr2{IF){X,X) — ^ IF{X)) 

= coker{I{F{X \ X))®{IF{X)®IF{X))®{I{F{X \ X))®I{F{X)xF{X)) ^ > IF{X)) 

s!f^-'^e{x - 1, 0, 0) = s'/^'\x - 1) = i{s^){x - 1) 

5f(-^e(0,(2/-l)®(z-l),0) = 5f^-)((zi,y-l).(z2*^-l)) = /F(V')((2i.y-l).(^2*^-l)) 
= {Vln.y - l).{Vli2.z - 1) = (y - l).{z - 1) G (/F(X))2 

S'/^-^Q{0,0,{u-l)®{v-l)) = IF{V^){{u-l).{sv-l)) = (V\-l).(V'st;-l) G (/^(X))^. 
By Proposition 18.21 we obtain: 

Ti(/F)(X) = /F(X)/(/m(J(^f )) + (/F(X))2) ^ F^X)^" /ab{Im{S^)) 

~ (F(X)//m(52^))"^ ~ (TiFiX))"^ ^ TiF(X) by Proposition O 
where — : Gr Ah is the abelianization functor and ah : F{X) F{X)°'^. □ 
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8.3. Computation of Til (cr2t/)(X, y). In order to compute Tii(cr2f/)(-E, -E) as a right 
A-moduIe we apply tlie results of section [H^ to the reduced functor T(£', —): C ^ Gr. 

Notation 8.6. In the sequel we use the following abbreviations: 

T{E,X \ Y) := cr2{r{E,-)){X,Y) ■ 

T,T{E,X) ■.= T,{TiE,-)){X); TJT{E,X) := Tr{IT [E , -)){X)- 
T^,T{E,X I Y) := Tii(cr2(T(E,-)))(X,F); Tuir{E,X \ Y) := Tn{Icr2{T{E, -mX,Y). 

Proposition 8.7. There is a binatural isomorphism: 

(8.7.1) T : TiiT(E, X\Y)(B {TiT{E, X) ® TiT{E, Y)) ^ Tncr2{IT{E, -)){X, Y) 
such that 

T(tiie, tj ® tig) = tn{tl,2)r\{^ - 1) + i^if - 1) • M - 1)). 

Moreover, the right action of A on Tiicr2{IT{E,—)){X,Y) induced by precomposition 
in T is given on the above components by 

(8.7.2) T(tiie,0).a = T(tii(ea),0) 

(8.7.3) T(0, tif ® tig).a = T{tu{{f V g)h{a)), ti{fa) ® ti{ga)) 
forae T{E,E). 

Proof. Taking F = T{E, —) in Proposition 18.31 gives an isomorphism of bifunctors 
I{T{E,X I F))©(/(T(E,X))®/(T(E,F)))©(/(T(^,X | Y))®I{T{E,X)xr{E,Y))) 

^cr2{ir{E,-)){X,Y). 
We have the following binatural isomorphisms 

I{T{E,X\Y))(E)I{T{E,X)xT{E,Y)) ~ {I{T{E, X \ Y)) (g) I{T{E, X))) 

®{I{r{E,X\Y))®I{T{E,Y))) 

®{i{r{E, X I r)) ® /(T(E, X)) ® i{r{E, y))). 

Thus I{T{E,X I Y)) I{T{E,X) x T{E,Y)) is a sum of bifunctors which are diag- 
onalizable as functors in X or in Y. So Proposition 12.41 implies that Tii{I{T{E,X \ 
Y)) ® I{T{E,X) X T{E,Y))) = 0. Using Proposition [83] and Example [T^ the iso- 
morphism Tii(O) thus becomes the desired isomorphism T. 

The structure of right A-module on TiiIT{E,X \ Y) is induced by the inclusion 
T{E,X I Y) T{E,Xy Y); this implies relation IKT^ . To prove relation flgTBjl let 
/ G T{E,X) and g G T{E,Y). Then: 

^(1,2)0(0, (/-1)®(^7-I),0).a = {{ij-l)*{i2g-l)).a 

= iihf • i29 - 1) - ihf - 1) - {^29 - !))•« 
= ((^i/ • ^29) o a - 1) - {ixf o a - 1) - {129 o a - 1) 
= (u; • [ixf a) • (^25'") - 1) - (^1/" - 1) - (^25'" - 1) 
where oj = {{iif • ^25') o «) • («2fi' o a)~^ • {iif o a)~^. Hence: 

^(1,2)0(0, (/-1)®(^7-1),0).« 

= {uj-l) + {{iifa) • {i2ga) - 1) + (u; - 1) • {{iifa) • (iafi-a) - 1) - («i/a - 1) 
- {i2ga - 1) 

= {uj-l) + {iifa - 1) • (^25'" - 1) + (cu - 1) • ((^i/a) • (^25"^) - !)• 
Now observe that 

(8.7.4) (^i/)«(^2^) = (/V^),(^i.^2). 
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Thus u={fy g),{{ti • t2)a) • (/ V g),{t2a)-' • (/ V g),{tia)-' = (/ V g)M(^))- It 
follows that iu = T{E, f \ g){h{a)) E T{E,X \ Y). Hence 

- 1) . ((zi/a) . (z^ga) - 1) G {T{E, X\Y)^ I{T{E, X) x T{E, ¥))) , 
and we deduce that 

T{Q,tJ(^t,g).a = tn(e(0, (/ - 1) ® ((7 - 1), 0).a) 

= T(tn((/ V g)hia)),hifa) ® higa)), 
as desired. □ 

Using the natural isomorphism S : I(T{E, X)) U{X) we finally obtain: 
Corollary 8.8. We have a natural isomorphism of right A-modules: 

Tncr2(H)T : T^^r{E,X \ Y) © {T^ {E , X) ® m {E ,Y)) ^ Tn(cr2f/)(X, F) 
such that: 

Tncr2{E)T{tn^,tif (g)tig) = + pJi,2)(h/ • «2fi')) 
and where the action of A on the domain o/Tiicr2(S)T is given by: 

{tn^, tj (g) t,g).a = (tnii^a) • (/ V g)h{a)), t^{fa) ® t,{ga)). 
Proof. It suffices to combine Proposition 18.71 with the isomorphism Tiicr2(S). In fact, 
Tncr2(S)T(tne, hf ® t,g) = Tncr2(S)tn(^?i,2))"'((^ - 1) + (h/ - 1) • {^29 - 1)) 

= tn(^?i,2))-'2((e - 1) + (zi/ - 1) . M - 1)) 
= tn(^?i,2))"'2((e - 1) + (tif • t2g - 1) - (^1/ - 1) - ii2g 

= ^ii(^?i,2))"^(^ + Hf • ^25- - - i29) 
= tii(e + P?2(^i/«^2^?))by dmSD 

□ 

8.4. The action of the involution on Tii{cr2U){X,Y). Since H is a morphism of 
symmetric A ® A-modules we have to understand the action of the involution on the 
two components of Tii{cr2U){X ,Y) according to Corollary 18.81 
For ^ G T{E, X I y) we have the relation 

in Tn(cr2f/)(X,F) by Proposition OS 
For f,gE T{E, X) we have 

A^)^(i,2)0(O,(/-l)®(^7-l),O) = /(r)((zi/-l).(z2^?-l)) 

= {t2f - I) • {tig - I) 
= (^2/ •«ifl' - 1) - (^2/ - 1) - (^iS- - 1) 
= ([^2/, iig] • kg • ^2/ - 1) - ikf - 1) - {ii9 - 1) 
= i[i2f,iig]-l) + iiig»i2f + 

ihf, kg] - 1) • (iig • kf - 1) - (^2/ - 1) - {kg 

= ([Z2/,21(7]-1) + M-1)«(22/-1) + 

{[kf^ig] - 1) • {kg^kf - 1) 

But [i2/, '^15'] £ Ti^E^X I y), hence we obtain: 

f^T(0,ti/®ti^) = tn(.?i,2))"'A^)^(i,2)0(O,(/-l)®(^-l),O) 
= ^{ki[kf,kg],tig®tif) 
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Combining this relation with (18.41) and Corollary 18.81 we obtain 
(8.8.1) 

^%i(e + P?i,2)((^i/) • M))) = til (T^(^'-nO + hi\iig]+pl,2){{Hg) • (^2/))) 

8.5. The homomorphism H. By definition of a quadratic C-module the map 

H : Tn(cr2(f/))(^,^) ® a Me ^ M^^ 

is a morphism of symmetric A(S>A-modules. In the case of cogroups we have the following 
equivalent description of H: 

Proposition 8.9. For a theory of cogroups T , the morphism of symmetric A ® A- 
modules H is equivalent to the following data: 

(1) a morphism of abelian groups: 

H, : Me ^ Mee 

(2) a morphism of symmetric A ® A-modules 

H'^ : TnT(E, E\E)®kM,^ M^e 
satisfying the following relations for a G T{E, E) and a G M^: 

(8.9.1) Hi{aa) = H'^{tiih{a) ® a) + {a®a)Hi{a) 

(8.9.2) THr{a) = Hi{a) + H!,{tn{[i2, ^i]) ® a). 

Proof. Using Corollary 18.81 and relation (18.7.41) one easily verifies that when dropping 
the symmetry conditions, the map H is equivalent with the maps Hi and H2 as in (1) 
and (2) satisfying relation (I8.9.ip . In fact, given H we may define 

(8.9.3) Hi{a) = H{tupl,2)iH • ^2) ® a) 

(8.9.4) H'^itii^^a) = H{tu^0a). 

Conversely, given Hi and H2 the associated map H is determined by the relations (I8.9.4p 
and 

^^(tiiP(i,2)((«ia) • («2/3)) ® a) = (a ® P)Hi{a) 

for a, /3 G T{E, E). It remains to check that H commutes with the respective involutions 
if and only if relation (18.9.21) holds. In fact, 

i^f ^(tn(e + P?i,2)((^i«) • M))) ® «) 

= H (til fT^(^-)(0 + [^2«,^i/?] +P?i,2)((^i/5) • (^2«))) ® a) by (gZM 

= Hltii (T^(^-)(0 + M,2i/?] + cr2f/(/?,a)pJi_2)(^i-^2)) ®a) 

= H^ (til (T^(^'-)(0 + [*2«, ® a) + (^ ® a)Hi{a) 

= H'2 (tiiT^(^'-)(0 ®a) + {B® a)H!,{[i2, ti] ® a) + (^ ® a)Hi{a) 

since [i2a,iiP] = {P y a)^[i2,ii] = T{E,P \ a)([z2,«i]) and H2 is A (g) A-linear. On the 
other hand, 

TH{tii{^ + pji,2)((^i«) • («2/5))) ® a) = T^(tii(e + cr2f/(a, /5)p^i_2)(^i • ^2)) ® a) 

= TH'2{tii^®a)+T{{a®P)Hi{a)) 

= H'2 (tiiT^(^'-)(0 ® a) + ® a)THi{a). 

Thus if relation (I8.9.2p holds, H commutes with the respective involutions; the converse 
is also true as we may take a = [3 = 1e- □ 
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8.6. The conditions (QMl) and {QM2). In this section we translate the conditions 
(QMl) and {QM2) to the case of cogroups. We begin by the remark that for each 
^ G T{E, E y E), there exists 7 G T{E, E \ E) such that ^ = 7 • iiVi^ • i2?'2^- In fact, 

(n*,'^2*)*(0 = (^^,^^20 = {'ri*,r2^y{krii»i2r2i) hence ^ • («iri^ • 22^^20"^ ^ T{E,E \ 
E). Thus any element of T{E,E V E) can be written in the form 7 • iia • 12(3 for 
a, /5 G r(E, and 7 G r(E, S | S). 

Proposition 8.10. For a theory of cogroups T , the condition (QMl) is equivalent to 
the following equation: 

(V^7 • a • /3).a = aa + /3a + P((a ® (3)Hi{a)) + PH'^itu'^ ® a) 

for a, (3 e T{E,E), a e Me and e T{E,E \ E). 

Proof. For ^ G T{E, E\/ E) such that ^ = ■yiia»i2/3 and a G Mg, we have the following 
equations in U {E M E): 

^(1,2) ° P(l,2) (0 = ^(1,2) ° P(l,2) (7 • ^Itt • ^2/5) 

= 7 • iia • 12(3 - 'jiri(7 • iia • 12(3) - ^2^2(7 • Hot • 12(3) by 12.13.51 

= 7 • iia • 1213 — • iia • — • • i2[3 

= 7 • iia • ^2/3 — HC( — ^2/5. 

Hence: 

(S)-^(^?1,2)°P(1,2)(0) 

= (7 • iia • i2(3 - 1) - {iia - 1) - (^2/9 - 1) 

= (7 - 1) + {iia • i2f3 - 1) + (7 - 1) • {iia • za/? - 1) - (iia - 1) - (^2/9 - 1) 
= (7 - 1) + {iia - 1) . (z2/3 - 1) + (7 - 1) • {iia . ^2/5 - 1) 

and: 

{T)-\Tiicr2{E))-\tiipU0) = {tiil,tia(S)ti(3). 

We deduce that: 

H{tiipl^{0®a) = H{Tiicr2{E)T{tii^,tia®tif3)®a) 

= H{tii{^ + pfi^2){HO! • i2l3)) ® a) by Corollary 18.81 
(8.10.1) = H'^{tii-i®a) + {tia®ti(3)Hi{a). 

On the other hand 

(V^O^t - {rlOo- - {rlC)0- = (V^(7 • iia • i2P))a - {rl{-f • iia • i2/?))a - (r2(7 • Zia • ^2/^)) 

= (V%»a»/?)a- (0«a«0)a- (0«0«/3)a 
= (V^7 • a • P)a — aa — Pa. 

□ 

Proposition 8.11. For a theory of cogroups T, the condition {QM2) is equivalent to 
the following equations for m G M^e and 7 G T{E, E \ E): 

(QM2-1) H!^{tii-f Pm) = 

{QM2 - 2) Hi {Pm) = m + Tm. 



Proof. For m G M^e and ^ G T'(£', EM E) such that ^ = 7 • • i2(3 as above, we have: 

H{tiipli^2){i)® P^) = K{tiii®Pm) + {tia®ti[3)Hi{Pm) 
by (I8.1U.1I) . On the other hand: 

{tiri{i) ® tir2{Cl){m + Tm) = {tia ® ti/3)(m + Tm). 



60 



MANFRED HARTL & CHRISTINE VESPA 



Hence the condition {QM2) is equivalent to the condition: 

H'^itu-i ® Pm) + {tia®til3)Hi{Pm) = {ha (g) ti(3){m + Tm). 

Since a, P and 7 are independent, taking a = we deduce {QM2 — 1) and taking 7 = 
and a = /? = 1^; we deduce {QM2 — 2). The converse is clear. □ 

8.7. Proof of Theorem 18.11 This now is an easy combination of Corollary 18.81 and 
the Propositions 18.91 and 18.111 let M be a quadratic C-module relative to E. First use 
Proposition 18.91 to replace the map H by Hi and H2, then by H2 using relation 
(QM2-1). Now the main feature is that relation (QM2-2) implies that T is determined 

by Hi and P, as 

T = HiP - 1. 

Using this, the relation PT = P becomes (Tl), which, in the converse proof, implies 
that T is an involution. Next (T2) translates the relation T((a /3)m) = (/3 (S> a)T(m). 
Relation fl8.9.2p becomes (T3), while (T4) translates the fact that H2 is compatible with 
the respective involutions. Finally, (T5) is relation (QMl) and (T6) is fl8.9.ip . 

8.8. Application: quadratic functors from free groups of finite rank to Ab. In 

this section we apply Theorems 17.11 and 18.11 to the category C = Gr, or equivalently, 
to the theory T = (Z)Gr of free groups of finite rank. Baues and Pirashvili described 
quadratic functors from T to Gr and Ab in terms of simpler data in [1]. We start by 
recalling the simplified version of this description given in [3]. 

Definition 8.12 ([4J). A square group is a diagram 

where Mg is a group and M^e is an abelian group. Both groups are written additively. 
Moreover P is a homomorphism and H is a quadratic map, that is, the cross effect 

(a I b)H = H{a + b)- H{a) - H{b) 

is linear in a,b & Me- In addition the following identities are satisfied for all x,y & Mg 
and a,b & Mee-' 

(Pa \y)H = = {x\ Pb)H; 
P{x I y)H = -X - y + X + y; 
PHP{a) = 2P{a). 

Theorem 8.13 ([4J). The category of quadratic functors from {l^cr to Ab (or of qua- 
dratic endofunctors ofGr preserving filtered colimits and reflexive coequalizers) is equiv- 
alent to the category of square groups with H linear. 

We reprove this theorem by specializing our general results to the case T = {I^gt-, as 
follows. 

Proof. Since (Z)^^ is a theory of cogroups we can apply Theorem 18.11 Let M be a 
diagram as in this theorem. Condition (Tl) shows that 

Square{M) = (M^ M^e ^ M^) 

is a square group such that Hi is linear. So we have to prove that the remaining 
structure of M is determined and well defined by Square{M) when one requires the 
conditions (T2) - (T6) to hold. 
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First of all, 

A = (Ti?7)(Z) by Proposition O 
^ (Ti/(Gr(Z,-)))(Z) 
^ Ti{Gr{Z, -))(Z) by Proposition EH] 

~ Z by Proposition 12.21 

We deduce that A (g) A ~ Z hence condition (T2) is trivially satisfied. 
The isomorphism of endofunctors of Gr: 

u:Gr{Z,-)^IdGr, z/g(/) = /(1) 

induces an isomorphism of bifunctors 

Tii{cr2i^) : Tiicr2(G'r(Z, -)) Tucr2{IdGr) 

such that 

(8.13.1) Tn{cr2iy)G,H{tn{0) = ^11(^(1)) 
for ^ e cr2Gr{Z, -)(G, H). So by Proposition EJl 

(8.13.2) Tncr2(Gr(Z, -))(Z, Z) ~ Z; 

and Tiicr2{Gr{Z, — ))(Z, Z) is generated by the commutator tu[i2,ii]. We deduce that 
condition (T3) means that H2 is determined by Square{M) and satisfies 

= and //2(tii7 ® a) = 

by (Tl). However, starting out with the square group Square{M), condition (T3) a 
priori only gives rise to a map 

H2 : Tiicr2(Gr(Z, -))(Z, Z) ®z coker{P) M^e] 

in order to check that it factors through the tensor product over A we must first consider 
the action of A on Mg. 

Let n : Z Z be the homomorphism such that 1 ^ n. Consider condition (T5). By 
fl8.i3.2p we have 7 = ^[22,"^!], k & Z, whence V^7 = k[Id,Id] = 0. As we know that 
PH2 = 0, condition (T5) is equivalent to the relation 

(8.13.3) {[n] • [m])a = [n]a + [m\a + P((|nJ ® '\m\)Hi{a)). 
which by induction is equivalent to 

(8.13.4) [n]a = na + (^PHi{a). 

So (T5) means that the action of A on Mg is determined by Square{M), via fl8. 13.41) : 
the property to be an action is a formal consequence of the identity 

nm\ fn\ ( m\ fn\fm 
for n,m E Z. 

By f l8.i3.4p . [n]a = na in coker{P). On the other hand, for 7 G cr2{Gr{Z, Z | Z)) we 
have: 

7([n + m]) = 7([n] • [m]) = 7(H) • 7([m]). 

Since 7([1]) = 7 we deduce that 7([^i]) = (7([1]))*"' = 7*". Hence the right action of A 
on Tiicr2{Gr{Z, — ))(Z, Z) is given by 

tii(7)- W = tii(7N) = ^11(7'") = ntuil). 
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We deduce that: 

Tucr2{Gr{Z, -)){Z,Z) ^ACoker{P) = Tiicr2iGr{Z, -)){Z,Z) ^zcoker{P) ~ coker{P). 

So finally we obtain that H2 = H2 is welldefined. 

The fact that P is A-equivariant is equivalent to condition (Tl) by fl8.13.4p . 
Condition (T4) is trivially satisfied since PH2 = and '^•t'-j = {k[i2., • (^[^1,^2]) = 

0. 

So it remains to show that condition (T6) is a consequence of the others. For this we 
need the following lemma: 

Lemma 8.14. Let G and H he two groups. Then for g E G, h E H and n E Z, the 
following identity holds in Tiicr2{IdGr){G, H) : 



Proof. Consider the following diagram where 73(6*) = [[G, G], G], the isomorphism r[ 



11 



is defined in the proof of Proposition 12. 3[ p is the canonical projection, and the map c 
is given by c{g ^h) = [iig, i2h]. 

cr2{IdGr){G, HY : Gy H 



til 



p 



Tncr2{IdGr){G, H) — - G"^ ® H'^' -^(GW H)/j,{G V H) 
^ 11 

The diagram commutes as is easily checked on the canonical generators ^2^] 
oiTiicr2{IdGr){G,H)^ see Proposition 12. 3[ Thus 



(cr;i)tn [{{iig){i2h)ni2h)-''{i,g)-'') = p({{i,g){i2h)nt2h)--{t,g)- 

= p{[i2h,iig\^^^) by the Hall-Petrescu formula 
= {cV[^)t^^{\i2Ki^gp)). 
But the map c is injective, see [I3l Proposition 1.2]. □ 
This implies that 

^ii(MN))= (2)^ii[^2,^i]; 

in fact, 

Tii{cr2v){tn{h{[n])) = tii(/i(H)(l)) by (EIHID 



tn(((^l.^2)M).(^2M)-^.(^lN)-^)(l; 

^11 ({{ii • i2){n))i2{n)~^ii{n)~^ 

tii(((«i««2)(l))%(l)-"^i(l) 

tn(((^i(l)^2(l))%(l)-^i(l)-") 
tii{[i2{l),ii{l)p^) by LemmaEH 
tn([^2,^i]-©(l)) 
Tii{cr2v){t^i{[i2.ii]'^'^)) 



n 



Tii(cr2Z/)(( 2 )iii([^2,n])). 
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Thus 

H2{tiih{[n])0a) + n'^Hi{a) = (^^H2{tu[i2,ii] ®a) + n^Hi{a) 

^ {HiPHi{a) - 2Hi{a)) + n^Hi{a) by condition (T3) 

^HiPHi{a) + nHi{a) 
= Hi{[n]a) by IKUM . 

as desired. 

□ 

Remark 8.15. In the definition of square group given in |1] the authors consider the 
map: A(a) = HPH{a) + H{2a) - AH {a). When H is hnear we have A = HPH - 2H. 
So the map A corresponds to our map H2 according to condition (T3). 

Remark 8.16. The case of the theory of free groups of finite rank is very simple compared 
to a general theory of cogroups since a quadratic G*r-module relative to Z must satisfy 
only the single condition (Tl) instead of the six conditions (Tl) - (T6) in the general 
situation. 
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